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Abstract—Quasilikelihood and maximum likelihood algorithms for estimating the amplitude of
arbitrary waveform signal with unknown duration have been synthesized. Characteristics of the
synthesized algorithms have been also found.
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The problem of amplitude estimation of a signal with unknown parameters was discussed in a number of
papers [1-3] and others. This problem is urgent for many applications in the field of radio location and
communication. Algorithms of amplitude estimation of signals with unknown non-power parameters were
investigated in papers [1, 2], while the algorithms of amplitude estimation of signal with rectangular
waveform and unknown duration were investigated in paper [3]. However, the real conditions of generation
and propagation lead to the need of estimating the amplitude of signals having the waveform different from
rectangular. The synthesis and analysis of the quasilikelihood and maximum likelihood algorithms for
estimating the amplitudes of signals with arbitrary waveform and unknown duration are presented below.

Let the following realization of additive mixture of the useful signal and Gaussian white noise be
accessible for observation on time interval [0, T7:

&(1)=s(t,ag,to)+n(?),
where s(t, ag, T¢) is the useful signal,

ao_f(t), OSZ‘S‘C(),
0, t<0,t>1,

s(t,ag,t o)={ (1)

n(t) is the Gaussian white noise with one-sided spectral density N,. Here a( and ) are the received signal
unknown amplitude and duration, respectively, f(¢) is the function describing the signal waveform. We
shall assume that the signal duration takes on values from a priori interval t € [77,7, ] Given observable
realization (), it is necessary to generate an estimate of amplitude a, of useful signal (1).

For synthesizing an algorithm of amplitude estimation we shall employ the maximum likelihood (ML)
method [1, 2], according to which the amplitude estimate coincides with the position of the absolute (largest)
maximum of the logarithm of likelihood ratio functional (LRF). However, in case both the duration and
amplitude are unknown, the LRF logarithm depends on two unknown parameters [1, 2]:

T 21
La,v) =]2V“ Jeorsdr =2 [ 7. )
00 09

Thus, there is an a priori parametric uncertainty in respect of the signal duration. One of the techniques
for overcoming this uncertainty implies the application of quasilikelihood (QL) algorithm ot; estimation [4].

A quasilikelihood receiver generates the LRF logarithm (2) for certain expected duration t

385



386 TRIFONOV et al.

&() .
—Pp| x Pl 1

v v

+ —» GD 4
N0 O = 1 —T

Fig. 1.

‘c* 2 ‘r*
L (a)=La, >=]2v“ Jersdr = [ 1 i
00 09

)

and finds the QL estimate of amplitude as a position of the absolute maximum of the decision statistics (3)

* *
a =argsuplL (a).

4)

Expressions (3) and (4) determine the structure of the receiving device. The signal amplitude estimate
can be found analytically. To this end, we shall equate to zero the derivative of function (3) with respect to a:

OLy(a,t)|  _
Oa

| *
a

) T 2" 5
— &) f()dt —=—— | f “(t)dt =0
No !) No '!,

and solve the resultant likelihood equation for a ’

*

[e)s (o
*_0

a

]fz(t)dt
0

)

Figure 1 displays a block diagram of the QL meter of amplitude (5). The following designations are used
in this diagram: I are the integrators performing integration on time inter*val [0, 7], t € [0; T5], GP is the
gating device performing the sampling of a value of amplitude estimate ¢ at the instant of time t .

Now we shall perform the analysis of the QL algorithm of amplitude estimate (4). To this end, we shall

find the mathematical expectation of quantity (5):
My =@ =a[1-nc” —tg)+ne” —10)/(1+5,) ].

where

) 1,x >0,
xX)=
L 0,x <0,

5. =(q(t )=q(to))/ q(xy),
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2
q(t)= ZNaO j(: f 2(t)dt is the signal-to-noise ratio (SNR) for signal having duration t. Quantity & ; (7) shall be
0

called “generalized detuning” in*terms of duration. It characterizes the relative difference of the energy of
signal with expected duration © with respect to the energy of signal with true value of duration t . In
accordance with relationship (6) the QL estimate of amplitude has a bias

* *
B,=(a —agy=-apdnt —7¢)/(1+3;). ®)
Performing the averaging we obtain expressions for the dispersion and scattering of estimate (5):

D, =<(a,’; —<a;‘;>)2>=aé /23(1+5,), ©)

* 2 2 2 2:2 * 2
Va:<(am—a0) >=a0/zo(1+81)+a081n(r )/ (14+8)% (10)

2
where Z(z) =q(tgy)= ZNllo j(:o f 2(t)dt is SNR for the received signal.
0

*
If the expected duration coincides with its true value, i.e.,t =1 (), the QL estimate coincides with the ML
estimate of amplitude provided the duration is a priori known [1]:

Tp To
agm = [&Of (e /[ 12 (0 (11)
0 0

The bias and scattering of estimate (11) were determined in paper [1]:
B =(a0m —ao> =0,
2 2 2
V=am —ag))=ay/z{. (12)

These results coincide with expressions (8) and (10) atd ., =0.

Let us introduce into consideration quantity y =V, /V that characterizes the rise of scattering of the
amplitude QL estimate in case of the unknown duration as compared with the scattering of the amplitude ML
estimate in case of the known duration of signal:

w =V, 1V =1/(1+8.)+z58°1(t —1¢)/(1+8,)% (13)

*
As can be seen from expression (13), if expected duration t© of signal is less than the true value of
duration 1 (), the loss i in accuracy of the QL estimate as compared with the accuracy of ML estimate does

not depend on SNR for the received signal. Att S o the loss in accuracy of the QL estimate increases with
the rise of SNR.

As an example let us consider the amplitude estimate characteristics of signal having the waveform of a
rectangle with beveled vertex [5]

1+bt/T2

Vi+b+b2/3

f()= (14)
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where quantity b characterizes the tilt of beveled top. Factor(1+ 5 + b 2y 3)_1/2 is introduced for the purpose

of making the energy of the maximum duration signal not dependent on the tilt of pulse peak making it
possible to compare the amplitude estimation accuracy of signals with different tilts of the peak, but equal
energies.

The generalized detuning (7) for signal (14) assumes the form

LA+ A1+ AT +5°(1+A )Ty 13)

5
! 1+ b7y +b°T¢ /3

L (15)

where Ty =1 / To, A, =(1 —19) /70, Ay €[(T] =10) /T0.(T5 —T¢)/To}
Let us introduce into consideration quantity z 3 = 2a(2)T » / N representing SNR for the rectangular pulse

with amplitude a( and duration 7. Let us express SNR z% for the received signal in terms of SNR Zf

22
Z(2)=ZET01+bTO +b TO /3
2
1+b+b" /3

(16)

Let us choose the true value of signal duration in the middle of a priori interval T =(7} +7,) /2, then
Ty =(k +1)/ 2k, where k =T, / T is the dynamic range of variation of the unknown duration.

Figure 2 presents the relationships of quantity x (13) as a function of A ... Quantity  characterizes the loss

in accuracy of the QL estimate of amplitude (5) as compared with the accuracy of the ML estimate of
amplitude (11) for the rectangular pulse with beveled peak (14) at SNR z, = 5 and different tilts of the
beveled peak of the pulse. Solid line corresponds to b = 0 (rectangular pulse), dashed line corresponds to b =
1, dotted line corresponds to b =—0.5. From Fig. 2 it can be seen that in the case of the growing pulse peak
(b= 1) the loss in accuracy of the QL estimate is higher than in the case of decreasing pulse peak (b =-0.5).

Figure 3 displays the relationships of quantity  (13) as a function of A ; for the rectangular pulse with
beveled peak (14) at b = 1 and several values of SNR. Solid line depicts the relationship for SNR z,. = 5,
dotted line for z,. = §, and dashed line for z,. = 12. From Fig. 3 it can be seen that at the value of parameter
A <0 the loss in accuracy of the QL estimate does not depend on SNR. For values A, >0 the loss in
accuracy of the QL estimate rapidly increases with the rise of SNR. In accordance with Figs. 2 and 3 the
unknown duration of the received signal may lead to a significant deterioration of the accuracy of amplitude
estimate.

In order to enhance the accuracy of amplitude estimation, we can apply the ML algorithm based on the
search for the position of absolute maximum of LRF logarithm
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where I(a)=L(a,t ,,) =sup.L(a,t)is the LRF logarithm, where the unknown duration is replaced with its
maximum likelihood estimate t ,, that is equivalent to maximization of expression (2) in terms of duration.
In turn, the ML estimate of duration is determined as the position of maximum of LRF logarithm [6]

v, =argsupL(t), (18)

where L(t) = L(a,t) =sup(a,t). As can be seen from equation aL(aa’T)|
a a

logarithm (2) reaches its maximum value when

=0, similar to expression (5), LRF

a

a)=[ewf(ode /[ 13w (19)
0 0

Substituting expression (19) into (2) we find
T 2 T
I(t) =supL(a.t) { J &(t)f(t)dtJ / Nof £ (. (20)
a 0 0

Taking into account expressions (18) and (19), for the ML amplitude estimate (17) of signal with
unknown duration we have:

an =i, = [ /[ 2o, @1
0 0

where 1, is the ML estimate of duration of signal with unknown amplitude.

Figure 4 presents a block diagram of the device generating the ML estimate of amplitude of the received
signal. Blocks in frames / and 2 (Fig. 4) generate the duration estimate t,, =argsup/(t) on the basis of
expressions (18) and (20) [6], while blocks in frames / and 3 produce the amplitude estimate a,, in
accordance with expression (21). The following designations are used in this diagram: I are the integrators
performing integration on time interval [0, #], where ¢ takes on values from interval [0; 7,], E is the
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extremator that determines t ,,, i.e., the position of maximum value of the input signal; DL is the delay line
performing the signal delay by time 75, GD is the gating device performing the sampling of a generated
value of amplitude estimate a,, at the instant of time T,,,.

Signal (1) is a regular (differentiable) function of amplitude a and discontinuous function of duration t.
Thus, the regularity conditions for signal (1) are partially breached [2]. As shown in paper [7], the accuracy
of the ML estimate of regular parameter (amplitude) asymptotically (with the rise of SNR) does not depend
on a priori lack of knowledge of the discontinuous parameter (duration). This means that the bias and
scattering of ML amplitude estimate (17) at large values of SNR asymptotically coincide with the bias and
scattering (12) of amplitude estimation (11) of signal with a priori known duration. That is why the
relationships presented in Figs. 2 and 3 can be interpreted as quantities characterizing the gain in accuracy of
ML estimate (17) as compared with the accuracy of QL estimate (4).

In order to verify the performance of the synthesized estimation algorithms and also to establish the
application boundaries of obtained asymptotic expressions for the scattering and bias of estimate, the
statistical computer simulation of the ML algorithm of amplitude estimate for a rectangular pulse with
beveled peak (14) was performed. For simulation the LRF logarithm (20) was presented in the form:

2
[2-S(M,ng) + N(n)]
21+ bn+bn2/3)

1+bmin(n,no)+b2 minz(n,no)/3

§(n,Mp) =min(n,ng)
2
NI+b+b" /3

_
N(n) = N, { n(Tyx)(1+ bx)dx,

where n=1/7,,Mn9 =1 / T. The simulation with step An = 107% involved the generation of function N(m)
samples, on the basis of which the realization of LRF logarithm was approximated by the step function with

maximum relative root mean square error € = 0.1. Discrete samples of the LRF logarithm were presented in
the form:
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2
n
z,.8(nAn,nyAn) +,/An/22(1+bkAn)xk}

k=1
21+ bnAn+b2n’an? /3)

b

L(nAn) =

where x, are the Gaussian statistically independent random quantities with zero mathematical expectation
and unit dispersion, n=ny,n,, ny =1/kAn, ny, =1/ An, ny =mqy/ An. The following quantities were

generated in the ith test on the basis of samples L;(nAn):

Mpi =argsupL;(nAn), My, =n,,;An.

Next, the normalized ML amplitude estimate was generated:

r A 1
[S(nmiAn,noAnwA” 3 (14 bkanx, |
Ami _ Zr k=1

ag 21+bn,;An+b>n2.An /3)

The simulation process involved the realization of N = 107 test cycles. The experimental values of the
normalized bias and scattering of the ML duration estimate were calculated by formulas:

By _1 i("mk _1J
ao Nk:1 ao

2
Vizi% Dk _q
2 N '

ajg k=I1\ 40

Figures 5-8 present the scatterings of amplitude estimates normalized in terms of quantity aé . Markers
designate the experimental normalized scatterings of the ML amplitude estimate of signal with unknown
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duration (17). Solid, dashed and dotted lines designate the theoretical values of normalized scatterings of the
ML estimates that are calculated by formulas (12).

The relationships shown in Figs. 5 and 6 were built for the increasing pulse with tilt 5 = 0.6 and the
decreasing pulse with tilt b = —0.3, respectively. Solid curves in Figs. 5 and 6 were built for k£ = 2, dashed
curves for k=5, and dotted ones for k£ = 20. Squares, triangles, and circles plotted the relationships of the
normalized scatterings of the ML estimate of signal amplitude that were obtained during the simulation for
k=2,5, and 20, respectively.

Figures 7 and 8 display the relationships of the normalized scatterings of amplitude estimate at k=5 and
k=20, respectively. Solid lines in Figs. 7 and 8 were built for »=-0.3, dashed lines for »=0, and dotted lines
for b = 0.6. Squares, triangles, and circles plotted the relationships of the normalized scatterings of the ML
estimate of signal amplitude that were obtained during the simulation for 5=-0.3, 0, and 0.6, respectively.

As could be expected, with the rise of k characterizing the dynamic range of variation of unknown
duration the scattering of the ML amplitude estimate increases. It is clear that with the rise of SNR the
scattering of the ML amplitude estimate in case of the unknown duration asymptotically converges to the
scattering of the ML amplitude estimate in case of the known duration. Asymptotic values of the amplitude
estimate scattering are in better agreement with the simulation results for the signal with a decreasing peak.

The obtained results of the synthesis and analysis of the algorithms of amplitude estimation of signal with
unknown duration allow us to make a sound choice of the necessary estimation algorithm depending on the
available a priori information about the signal duration and also on requirements regarding the simplicity of
the algorithm realization and requirements regarding the estimation accuracy.
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