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Abstract—A specific case where the image has the unknown area, regular component, and also the
random component intensity has been considered. A maximum likelihood algorithm for the detection of
stochastic image with unknown parameters was synthesized. Characteristics of the algorithm were
obtained, and the impact of image characteristics and applicative background on the detection efficiency
was analyzed.
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The rapidly evolving now automatic systems of image analysis are based on multistage procedures that
can include such stages as segmentation and classification of subsections of the image, the detection and
discrimination of object images, and estimation of parameters. For example, one of the processing stages in a
number of problems of the remote probing is the detection of objects on the basis of their images, when some
or all parameters of the image are a priori unknown.

In many cases the images obtained as a result of remote probing have a stochastic structure and can be
defined by a model of Gaussian random field [1, 2]. Unlike the case of thoroughly studied problems of
detection of regular random signals, the processing of images involves the need of taking into account not
only the additive noise, but also the background determined by the underlying surface. The presence of
background can essentially affect both the image detection characteristics [3] and estimation characteristics
of image parameters, such as its area [4].

The problem of detecting an image with unknown area in the presence of applicative background was
considered in [3], where the regular component and the intensity of random component were assumed to be
known. In a series of remote probing problems, such as detection of irregularities, the unknowns include not
only the area, but also the intensity of the irregularity picture and its regular component.

The authors have considered the detection problem of a Gaussian stochastic image with unknown
mathematical expectation, intensity and area observed against the Gaussian background in the continuous
space with due regard for the effect of background shading. Hence, a new detection algorithm was
synthesized, and asymptotic expressions for its characteristics were found.

Letus assume that random field realization x(r)is accessible for observation owing to the remote probing
in two-dimensional region G. Here r =(7y,7, ) is the radius-vector of point in the plane belonging to G. Field
x(r) can include a useful image of object s(r), spatial noise n(r) and background radiation W(r). This
radiation is determined by the scattering of the probing signal by the underlying surface, on which the
detectable object is located [1]. Assume that the image occupies region Q ; with unknown area y (), i.e.,
Q, =Q(y o), where function Q(y ) defines the image shape with area y and can be presented by using
indicator

I, reQ,,
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The background shading effects occurring in practice may be taken into account by using an applicative
model of image and background interaction [1]. This model allows an observed realization in the presence of
image (hypothesis H) to be presented in the form

H i x(r) =1(r, o)s(r)+{1=1(r,x )] M(r) +n(r),

where y  is the true value of the unknown area of useful image y that takes on its value from interval
[% min »X max } In the absence of image (hypothesis H,)) the observed realization contains only the
background and spatial noise

Hy:x(r)=vr)+n(r).

Next we assume that image s(r) and background W(r) represent uniform statistically uncorrelated
(mutually independent) Gaussian fields with mathematical expectations ag, a, and correlation functions
B(r), B, (r). In addition, we shall assume that spectral densities of image

Gy(w)= [ By(r)exp(~jor)r

—00

and background

Gy(@)= [ B, (r)exp(-jor)r

—00

are constant within the limits of regions of spatial frequencies o, and o, , respectively. The spectral densities
of image and background outside these regions are equal to zero, i.e.

Gs(w):gs[(wams)’ GV((x))ZgVI((x),O)V),

where /(w,0) =1, at®w € wand /(w,0) =0, at w € ®.

Let us assume that spatial noise n(r) is uncorrelated with the image and background and represents a
realization of centered white Gaussian noise with zero average and single-sided spectral density N,.

The problem consists in detecting the image with unknown area , mathematical expectation a, and
normalized intensity g, =2g, / Ny.

Now let us consider an algorithm for detecting image with unknown a, g, andy based on the maximum
likelihood method. As is known [6], this method implies the replacement of unknown values of parameters
with their maximum likelihood estimates (MLE). Since MLE are the corresponding arguments of the largest
value of the logarithm of likelihood ratio functional (LRF), this algorithm of detection is reduced to
comparing threshold 4 and LRF logarithm I(y ,a,,q) maximized over the set of unknown parameters:

H,

>
L= sup L(X,as,qs)< h, % €[X min »X max }

X959
Hy

An explicit form of LRF logarithm L(y ,a, ,q, ) for checking hypothesis /| against alternative Hy at the
known parameters of image was obtained in [5]. Extending this result to the case of unknown area, we obtain

dg ay

l+q;, 1+g¢,

L(Xaasaqs)zl{ 95 Yls(X)_ v st(X)+2|:

X
Ny [1+45 l+gq, } W
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2 2
a a
| e g T+ Ky Il gy T, D
l+q, l+gq, X min X min

where X ((y) = jx(r)dr, Yii(x)= Iyiz(r)dr, i=1,2, y;(r)are the signals at outputs of spatial filters with
Q(x) Q(x)

transfer functions | H | (0)|* = I(e,0, ), | H(0)]> =I(0,0, ), ¢, =2g, / Ny is the normalized intensity of

background, g =% minS o / 47 ? is the number of degrees of freedom of image, L, =¥ minS o, / 41 % isthe

number of degrees of freedom of background, S, and S, are the areas of regions o, and w, on the
frequency plane that are occupied by spectral densmes of useful image G (w) and background G, (o),
respectively.

Maximizing relationship (1) in terms of unknown values of a, and g, we obtain:

=su ,ad..q.)=——|7Y, -
L(x) a(lzl(x 5:qs)= No{ 1s(0) rq, zs(x)} Nol Xs(x)
2
X 2 X min X (X)] ay X
- Ul 1+1In — (x)-— BN A u, In[l+g¢,1]. 2)
2y min ’ {NO s{ N X J N01+qv 2), min h h

Then the algorithm of detection is reduced to the search for the absolute (largest) maximum of functional
(2) and its subsequent comparison with the threshold

H,

>
L=supL(y) y hy, % €[ min X max -

X
H,

Thus, the realization of the algorithm involves the need of forming three functions Y1,(y ), Y»,(x ), and
X ¢ () depending on the realization of observed data within the limits of region Q( ) presumably occupied
by the image with area .

The efficiency of the detection algorithm is generally characterized by the values of probabilities of false
alarm error o and signal skip error 3 [6, 7]. By definition [6, 7] we can write

o =P[H|Hq]=PlsupL(y)>h/Hql=P[L>hH],
X
B=P[Ho|H]=PlsupL(y)<h|H]=P[L< h|H{],
x
where P[H;|H ;] i,j =0,1, designates the probability of decision-making about the truth of hypothesis #,
while hypothesis /  is true. Thus, the determination of o and  involves the need of finding the probabilities

of'the LRF logarithm (2) maximum exceeding and not exceeding the threshold %, respectively. To this end, it
is necessary to have the distribution law of random quantity L =sup,, L(y ) for both hypotheses H;, i =0,1

In accordance with [6-8], at pg — oo and p,, — oo distributions of Y1, (% ), Y»,( ) and LRF logarithm (1)
at fixed unknown parametery are reduced to the Gaussian distribution. Nevertheless, the LRF logarithm (2)
contains a logarithmic term of functions of the observed data; hence, the direct extension of results from
papers [6—8] to the case under consideration may prove to be incorrect.

Let us consider statistical properties of this term on the assumption that the minimum area of image ¥ ;,in
is so large that

pe>>1L p, >>1 3)
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Let us introduce designation

Ay =2 Kmin Ly - X200 17) @)
NO X Mg

and present this expression in the form

A(x)=mA(x){1+“A(X)ém)}
m4(x)

at m 4 () #0, where & 4(y ) is the centered random process with unit dispersion, m 4(y ) and o 124 () are the

mathematical expectation and dispersion of A(y ). Calculating m 4 () and 034 () at the point of the true
value of area in the absence and presence of image we obtain

GA(X0|H0): 1 X0 \ Mg X oty M
my(xolHo) VHs (1+qy0) h@_Xmin +1_\/K(p
v
) X oM )

4ol Hy) _
m (ol H1)

2

)

wherep =S oy /LIS oS o, is the coefficient determining the degree of overlapping of regions occupied by

spectral densities of useful image and background, S O is the overlapping area of these regions.

From expression (5) it follows that at pg — oo ratioc 4(y o)/ m4(x o) — 0 for both hypotheses. More
cumbersome calculations make it possible to obtain a similar result for any ¥ €[% min X max } 1hen,
assuming condition (3) is satisfied, similar to paper [7] the following approximate equality can be used:

InAQ) ~tnm () + 240 e ) =tnm )+ A%y ©)
m4(x) m (%)

Substituting expression (6) into (2) with due regard for (4) we obtain

1 | my(y)-1 qy 2 a
Liy)~—— | —AM Ty - Y - X
(%) No[ 100 1s(0) g, 2s(X) No 154, s(0)
2 2
1 X;() [ x a X X
+— 5 + LV - pelnmy(x)+ p, In|l+gq, | (7)
N() xmy (X) NO 1+QV 2X min ’ 2X min Y [ V]

Let us designate the mathematical expectation and dispersion of the Gaussian process X ¢(y, ) as m y, ()
and cg(s (), respectively. Then, substituting expression X (3 )=m (%) +06 xs (X )E xs (%) into (7), we
obtain

L) ~Lg () + D(1)e % (1),
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where

_L mA(X)_l 4y L lme(X)_ dy
LG(X)—NO {mA(X) Yi5(x) T+q, st(X)}JXs(X)NO (X 00 1+CIVJ

2 2
x| 1 my(x) ay X X
e - - Helnmy () + uy Inj1+gq, |, (®)
NO(X mA(X) 1+QVJ 2Xmin ’ X min Y [ V]

L(y) 1s the asymptotic Gaussian (at pug — oo and pu,, — ) component of the LRF algorithm, & y(y ) is the
Gaussian random process with zero average and unit dispersion D(y ) =6 %(S () /[N om 4 ()]

Thus, if conditions (3) are fulfilled, LRF algorithm (2) can be approximated by a sum of Gaussian process
L () and process D(y )& E(S (), the values of which obey the gamma distribution. Let us consider the first
two moments of both terms.

After the calculation of dispersion %(S (¢ ) and mathematical expectation m 4 (y ) for both hypotheses, we
obtain the following expressions for D(y ):

D(x|H1)={m(;‘°”‘)<l+qso)+{l—m()’zo”‘)}mqv)}

x{1+min(X0’X)qso— i rl—w1

| "
i IK mi“(“”‘)awso){l—mi“(“’“}(lwv )) +ay - min(g p.1)
X Hs % No

-1
+al ]\?o[x —min(y, o,%)] —;]50(%0 min(y o.%) +ay [x —min(X0>X)])2ﬂ ’

DGt H) =(1+qy0) [1+ iy /106y0 L min(1+4y)/ (1) |

Using approximation (3) we can find expressions for mathematical expectations m I and correlation
functions B I of LRF logarithm L () (7):

for hypothesis H;
my, (¢ Hy) = (min(y 7 0 )ky +[x —min(x,x 0)]k2) /% o5
B, (1ot 2l Hy) =(min(x o.% 157 2)dy +[min(y 1,7 2) —min(z 0.% 1:% 2)]d2) / % 0

—cp(max(y 1,x o) +max(x2.%0)=2%0) /% o>

for hypothesis H

mp, (X|Ho)=ky /10,
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B, (x1-x21Ho)=cymin(y1,%2) /% o5

where
Lo | g o | 2 [ag-a,] |
ey == 20 g0y —— =y Vot oYy, In[l+ gy ]-pg In[l+ g0 ],
2% min I 1+gq, l+g, Ny 1+gqy |
1 x I q 2 [a,—a ]2 |
ky=— 0 U 950 —Hyvdy Ky PGy 0 2 Osoiv_"“v ln[1+QV]_“s ln[1+QSO] >
2Xmin L 1+ q50 1""QSO NO 1+QSO )

Hy

N o |
k :5 X? Mg : —Hyvqy /KUy Pgy — +Hy ln[l +‘Iv]_“s 1n|:1+\/g(pq\/:| 4
X min 1+ “—V(pqv 1+ Hy By og,, M J

My Hs

r 2 r 12 2
1 %o qv_| a0~ || v |2 |, Bmin (2 1+CISO}
N b

dy=- "0 11 g+, - —450 v
2% min o L 1+qy L 1+qy | b‘FQVJ ’ No (l-i-qv)2

2 2 2
1 2 q50—4 2 [, M mi 2 1+
dy=_ K0 us( 901 uygy rfinyo| | L0 | 4 A0 | gy Hmin (g g, )2 v
2% min I+ 1+4g50 I+q50 No (I+450)

2
1 2 2 2
- Xodv 2{“5( TRRITIC) RENTNPREN TR

2Xmin(1+ By /1s0qy)

((1 \/uv/uscp) (\/uv/us@) j mem - [Ti;“]s(p) (so_av)z}’

1 2 1+ 2
(%) :*Xio (us & —A KUy @ qvj{QsO + l/liv(qu J +— % min %(aso _av) ) (9)
2% min I+4q50 I+gq, | 1 Ny (1+q40)

Comparing these characteristics with characteristics of LRF logarithm (1), obtained in [3], it can be
shown that in the presence of image we have:

my (x| Hy)=mp (x| Hy),
Br, isx 2 H) =B (1% 2l Hyp) —cp(max(y 1% o) +max(x 2,% 0) =2 0) /% 05
where m; (x|Hy), Br(x1,x2/H;) are the mathematical expectation and correlation function of LRF
logarithm (1) obtained at the a priori known values of a, and g;.

Using the obtained expressions we shall compare the behavior of the dispersion of Gaussian component
Dy (xolH;)=Br,(Xo-x olH;) i=0,1 and quantity D(x () at py —> o and x =y . If the received
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realization of observed data contains image, the dispersion of the Gaussian component of LRF logarithm has
the form

Dy, (olHy)=xdi /%o

From expression (9) it follows that with unlimited rise of the number of degrees of freedom of the image
and background d; — o if the intensities of random components of image g, and background g, are

non-zero. Parameter D(y ol H1)=[1~% min /X()Ms]_l—>1 at pg — co. Hence, it follows that given

hypothesis H ;| the contribution of non-Gaussian component of the LRF logarithm decreases with the rise of
the number of degrees of freedom of p g and p,,.

A similar conclusion can be also made in the absence of image, because D I (xolHp)=cy—> o at
p, — o and g, #0, while parameter D(y | H () tends to a finite quantity:

-1
D(y ol Ho)—=> (1+q )1+ Juy/ ngegq, 1 <(1+gqy)

atp, — candpug — .

That is why at g, >0, g, >0, and fulfillment of condition (3), the non-Gaussian component of LRF
logarithm can be neglected by assuming L( ) = L; (). Thus, we can find characteristics of the detection
algorithm in Gaussian approximation.

Comparing LRF logarithms Lg () (8) and L(y,,a, ,q, ) (1) we may conclude that these expressions have
the same structure and differ only by their determinate terms and also coefficients of random functions
Yis(0 ) You(x ), and X ((y ). As was shown in [3], in the neighborhood of true value of parameter x , LRF
logarithm L(y ,ag,q, ) (1) can be approximated by the Gaussian Markov process. Hence, L(y ) = L; () can
be also considered as Gaussian Markov process in the neighborhood of the true value of areay . Therefore,
the complete, in statistical sense, description of LRF logarithm L(y ) involves the need of determining the
initial probability density and transition probability [8].

In the case under consideration the initial probability density will be the univariate probability density of
LRF logarithm aty = ,;,- Since L( ) is an asymptotically Gaussian process, if condition (3) is satisfied,
the initial probability density has the form:

1 N _(L_mLG(Xmin|Hi))2

W (L min| H ) = ¢
G[G(Xmin“—[i)\/zTT ZG%G(Xmin|Hi)

(10)

2 .
where 67 (X min|H ;) =B, (X min »X min|F;), 1 =0, L.
The calculation of the transition probability implies the need of finding the drift coefficient

MI(X):A;ERH([LlG(X +A%) —Lig OO Lig(x ) / Ay,

and diffusion coefficient of LRF logarithm Z(y )

Ma()=, lim (LG +AY) — Lig GOV Lig (L) / A,

in the neighborhood of the true value of area, where |y — ol/% o <<1 It can be shown that if the image
intensity is non-zero, while area y () is so large that apart from condition (3) the following conditions are
fulfilled:

2 .
g >> maX({lJrl/f]so}, {150 — gy 121 0(aso — ay) /[mm(l,qsowo]})xmin /%0

then the desired coefficients have the form:

RADIOELECTRONICS AND COMMUNICATIONS SYSTEMS Vol.57 No.2 2014



STOCHASTIC OBJECT DETECTION USING ITS IMAGE WITH UNKNOWN PARAMETERS 99

for hypothesis H;
1 Jki, Xmin SX<Xo>
M1(X|H1)={ e
X min _k2a XO<XSXH13X9
1 Jdi, Xmin SX<Xo>
Mz(X|H1)={ i (11)
X min dy, % 0<% <X max-
for hypothesis H

M (L Hy)=~k /Y min»
Mo(LHy)=c1 /% min- (12)

Solving the Fokker—Planck—Kolmogorov equations with coefficients (11) and (12) at the initial (10) and
relevant boundary conditions, similar to [ 7], we can find the probabilities of the false alarm and signal skip:

o [ (=t -2y)? ] T .
(x(h)=1— 1 J'exp _(x 1 ZN) (D(QN\/XHMX X min +x\/ X min j
2n 0 2 X min X max ~ X min

—eXp(—2X2N)(D(§N \/Xmax_Xmin _x\/ X min J dx, (13)
X min X max — X min
B(h) = 1 Te (x+21) +h2 —2hyz; q{ZN Xmax ~X0 | o %0 J
0 X min X max —X0

_ex{_szZN “J@{zN Lmax 10 _ ¢ j
X min X min Xmax

% exp(xhz)q)[hz\/XO_Xmin \/ X min }
X min X 0~X min
_exp(_xhz)q)(hz\/xo_x.min _ X min dx, (14)
X min Xo Xmm

where the following designations are used:

hy=h/dy, 2% =k*/c,
2 2 2
zi =kixo/d U min> P2 =PAmin /dixo, C~=di/dy,

O(y)= .[_J}OO exp(—x 2 /2)dx / \2r is the probability integral.
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Fig. 1. Fig. 2.

The resultant expressions make it possible to analyze the performance efficiency of the maximum
likelihood algorithm for different statistical characteristics of useful image and background, and also to
determine the degree of influence of their difference on the detection efficiency.

The signal skip probability (14) obtained at unknown y, a, and g, coincides with the signal skip
probability obtained in [3] for the unknown area and a priori known values of a and ¢ ;. Hence, we can make
a conclusion that in case condition (3) is satisfied, the lack of knowledge of mathematical expectation a; and
the relative intensity of image g, does not asymptotically affect the signal skip probability. Thus, the
difference in efficiency of detecting the image with unknown parameters a, and g as compared with the
case of known a and ¢, is determined by the rise of the false alarm probability.

For estimating this difference we shall use the Neumann—Pearson criterion [6], which implies that
threshold /4 in formulas (13) and (14) is determined from the specified false alarm probability €, i.e., it is a
solution of equation:

a(h)=¢. (15)

The numerical solution of this equation gives the value of threshold lAz; substituting the latter into
expression (14) we find the value of signal skip probability 3 =p(/) at unknown parameters a, and g,. For
the case of known a and g, we substitute into formula (15) the expression for false alarm a(/,ay,qy)
obtamed in [3] in place of a(h) (13).

Let ho be the threshold obtained by numerical solution of equation oc(h ag,q,)=¢. Then substituting hO
into formula (14) we obtain an appropriate value of signal skip 3 = B(ho ) for the case of known ag and g .

The relationships of the relative rise of signal skip probability B/ as a function of the true value of the
relative intensity of image ¢ at the fixed value of false alarme =10 ~ and different values of the relative

intensity of background ¢, are presented by solid lines in Fig. 1. These curves were plotted on the
assumption that the spectral densities of image and background do not overlap so that ¢ =0. In addition,
these relationships were plotted for the following selected parameters: % o =05% max> % min =01 max»
aso =ay, g =, =200. Curves / and 2 were calculated at g, = 0.8, and curves 3 and 4 at ¢,, =0.6.

Dashed curves in Fig. 1 correspond to the false alarm probability € = 1074

Figure 2 presents the relationships of the loss of B/ B as a function of background intensity g, at
different values of image intensity g, under the same conditions as above. In this case solid lines

correspond to the false alarm probability e =10 - , while dashed ones correspond tog =1 0~*. Curves 7 and 2
were calculated at g4 =0.8 and curves 3 and 4 at q50 =0.6.

The analysis of curves (Figs. 1, 2) reveals that the lack of knowledge of true values of image parameters
ag and g4 can lead to a 51gn1ﬁcant loss in the efficiency of object detection by using its image. Moreover, if
the spectral densities of image and background occupy nonoverlapping regions on the plane of spatlal
frequencies, the specified relative loss increases both with the rise of relative intensity of interfering
background g,, and with the rise of true value of the relative intensity of useful image g ;. However, with the
reduction of the required probability of false alarm the relative loss decreases.
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Fig. 3. Fig. 4.

Statistical simulation was conducted for the purpose of verification of the detection algorithm and
establishing the application boundaries of the obtained asymptotic analytical expressions for the detection
characteristics. The simulation was performed on the assumption that the image represents a square with
area ¥ o =4 min. While the range of possible values of unknown area is equal tO % max /% min =9
Mathematical expectations and intensities of image and background were selected equal: a, =a, =0 and
qs =9y =g, hence, the detection was performed at the expense of the difference of spectral characteristics of
image mad background. In this case the regions occupied by spectral densities of image and background
were selected of rectangular shape. The degree of overlapping of these regions was characterized by
coefficient ¢ =0.1.

Figures 3 and 4 present the relationships of the false alarm probabilit}y a(h) (Fig. 3) and correct detection
D(h)=1-P(h) (Fig. 4) as a function of threshold 4 at pg =p,, =pn =10". Solid lines show the relationships

calculated by using formulas (13) and (14), while diamonds designate the simulation results for appropriate
parameters. Curves /, 2, and 3 were calculated at ¢ = 0.1, 0.2, 0.3, respectively. Figure 3 indicates
satisfactory agreement of the calculation results by formula (13) and the simulation results.
Correspondingly, Fig. 4 shows that the signal skip probability (14) (or correct detection) obtained for the
case of known parameters a, and g, satisfactorily describes the synthesized maximum likelihood algorithm
at unknown parameters ag, g, and p>>1.

Thus, a structure of the maximum likelihood algorithm for detection of stochastic image with unknown
area, mathematical expectation, and intensity was obtained. The algorithm characteristics were found. It was
shown that at sufficiently large values of the number of degrees of freedom for image and background the
lack of knowledge of the intensity and mathematical expectation of image mostly affects the probability of
false alarm errors, while the signal skip probabilities are asymptotically equal both with the known and
unknown parameters of image. The statistical simulation of the detection algorithm was conducted for
performance verification of the algorithm and corroboration of the results obtained.
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