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QUASIOPTIMAL ESTIMATION OF MOTION PARAMETERS BASED
ON LASER RANGING

A.P. Trifonov* and A.V.Kurbatov UDC 621.391

An algorithm for estimation of range, velocity, and acceleration based on measurements of range
in each repetition period of the probing sequence of optical pulses is synthesized. Characteristics of
estimates with allowance for abnormal errors are found. It is shown that the proposed estimates
are consistent, asymptotic (the signal-to-noise ratio increases for each pulse), unbiased, and
effective.

1. INTRODUCTION

In many problems of optical detection and ranging [1-5], besides the range to a target, estimation of
its radial velocity and radial acceleration is also of interest. Sequences of optical pulses are widely used to
determine the target motion parameters. This makes it topical to study the accuracy of the methods based
on their use.

Estimation of the maximum likelihood of the target range, velocity, and acceleration by the probing
sequence of optical pulses were discussed earlier in [3, 4], where potential characteristics of the estimates of
range, velocity, and acceleration were found. However, the hardware implementation of maximum-likelihood
algorithms for estimation of all three motion parameters encounters significant difficulties. The procedure
for estimation of range, velocity, and acceleration can be simplified by a quasioptimal algorithm. This
algorithm is based on determining the range, velocity, and acceleration of a target from the results of laser
measurements of range in each repetition period of the sequence of optical pulses.

2. CHARACTERISTICS OF THE MAXIMUM-LIKELTHOOD ESTIMATES OF MOTION
PARAMETERS

The intensity of the probing sequence of optical pulses can be written according to [3-5] in the form

S[t—(k—p)d— A, (1)

||F12

where the function §(¢) describes the intensity of an individual pulse, A is the temporal position of the
sequence, and 6 is the pulse repetition period. The parameter u determines the sequence point with which
the temporal position A of the sequence is related. For example, the quantity A is the arrival time of the
first pulse for ;1 = 0, the arrival time of the middle of sequence (1) for 4 = (N — 1)/2, and the arrival time
of the last pulse of the sequence for = N — 1.
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Assume that the probing sequence (1) is scattered by a target with range Ry, velocity V), and accelera-
tion Ap, and the possible values of the vector (R,V,A) lie in the a priori region
W = {[RminaRmax]a [Vmimeax]y [AminyAmax]}y where |Vmax| < ¢, N6 |Amax| < ¢ and c is the Speed of
light. Then, following [1-5], the received-signal intensity can be written in the form

N-1

N(t. Ro. Vo, 40) = 3 s[t = 2Rofe — (k — js) (1 + 2Vo/c) 6 — Ao(k — u)? % c]. 2)
k=0

Here, the function s(¢) describes the temporal profile of the intensity of one received optical pulse of the
sequence and can generally differ from §(¢) in the sum given by Eq. (1). In Eq. (2) and below, the zero
index denotes the true (unknown) values of the parameters R, V, or A of the received sequence.

Assume that a signal with intensity (2) is observed in the time interval [0, T] against the background
of optical noise that is a stationary Poisson process with the intensity v > 0. In this case, the signal 7(¢) that
is accessible for processing is a Poisson process with the intensity 8(t, R, V, A) = sny(t, R, V, A)+v, where the
values of the parameters R, V', and A are subject to estimation. To estimate the target motion parameters
Ry, Vb, and Ap with the maximum likelihood, a logarithm of the likelihood function (log-likelihood) should
be formed according to [3]:

T T
L(R,V,A) /1n1+sNtRVA/I/d7r /sNtRVAd (3)
0 0

As an estimate with the maximum likelihood, we take the value of the vector (R,V,A) from the
region W, which corresponds to the largest maximum of the log-likelihood (3):

(R,V,A) e W: L(R,V,A) =sup L(R,V, A). (4)

Unconditional characteristics of estimates (4) were found in [3, 4] assuming that the values of Ry, Vj,
and Ag are uniformly distributed in the region W. For the unconditional biases, we obtained the expressions

b(R)=(R—Ro)=0, bV)=(V-Vy)=0, bA)=(A-A)=0 (5)

and for the conditional biases we obtained

B(R) = ((R— Ry)?) = PyDo(R) + (1 — Py) AR, /6,
B(V) = ((V = Vp)?) = PyDo(V) + (1 — Py) AV.2/6,
B(A) = ((A - Ag)*) = RyDo(A) + (1 — Py) AAZ /6, (6)

where
A}zpr = Rpax — Rmina A‘/pr = Vinax — Vmim A14pr = Amax - Amin-

In Egs. (5) and (6), the averaging (denoted by angle brackets) is performed over realizations of the Poisson
process 7(t) and over the true values of estimated parameters Ry, Vp, and Ag, while the averaging of Do(];?),
Dy(V), and Dy(A) is performed over the variance of reliable estimates (4), according to [6, 7], i.e., in the
absence of abnormal errors. These variances coincide with those of the mutually effective estimates and are
determined by the expressions from [3]

- MMy — M2
Do(R) = . 3 _ 2 2 ’
Yo" (2M1M3 + MOM4) M M2 M0M3 Ml My
. 2 MoMy — M3
Dy(V)= ¢ M

492 ¢y (2M1M3 + MOM4) My — M23 — M(]M?? — M12M4,
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62 MOM2 — M12

Dy(A 7
(4) = P (2My My + MyMy) My — M3 — MoM3 — MM, (7)

where .
1 [ds()]? =
= dt M, = k—p)".
“ /V—Fs(t)[ dt ] : > (k—n) (8)
The quantity Py in Egs. (6) is the reliable-estimates probability taken from [4, 6]:

(o)

_ 1 (x—n)?* _ &? @’
D= e +;-@2)¢/6Xp [_ 2(1+#2)  (2m)2 e (- 2 )] dz,
2
where
T 3/2
Q63 N(N2-1) [N(N s(t)/dt \?
§_a?\,c?’ \/ [ 0/<1+s( )/y> dt] ’
T T
/l 2[1+s(t)/v]s /ydt//ln [1+s(t)/v]dt
0 0
T T
n=vN In[1 —i—s(t)/y]s(t)/dt/ v [ In®[1+ s(t)/v] dt
/ /

T
I//121+s v] dt,
0

and @ = (Rmax — Rmin) (Vinax — Vinin) (Amax — Amin) is the Eucleadian volume of the a priori region W
of possible values of unknown parameters. The quantity £ has the meaning of the reduced volume, taken
from [7], of the a priori region of possible values of unknown range, velocity, and acceleration, which
determines the number of discernible values of range, velocity, and acceleration (4) in the region W.

The signal-to-noise ratio (SNR) for the receiver with the maximum likelihood (3), according to [4,
6], has the form

“+oo

23 = ];7 / In[1 + s(t)/ / / In?[1 + s(t)/v][1 + s(t)/v] dt. 9)

— 00

The estimate of the maximum likelihood (4) for a large signal-to-noise ratio (9) is asymptotically
effective, as well as unbiased and consistent.

Hardware implementation of estimate (4) is quite difficult since, as a rule, for the creation of a gauge
with the maximum likelihood, one has to use a multichannel (velocity and acceleration) circuit. In this
case, the gauge contains parallel channels, and each channel generates an algorithm for the log-likelihoods
in one of some set of points in the a priori region of possible values of the velocity and acceleration. Each
channel of the gauge contains a matched filter for one pulse and a perfect comb filter. Howerer, the technical
implementation of a comb filter for a large number of pulses and a large a priori variation range of the velocity
and acceleration is difficult because of the rigid requirements to stability of the delay-line parameters and
high accuracy of location of taps for provision of synchronous accumulation of pulses.
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3. ESTIMATES OF THE TEMPORAL POSITION OF A PULSE

In order to simplify the implementation of an optical device for measurement of range, velocity, and
acceleration, we consider the possibility of determining them by the results of laser measurements of the
range Ry in each repetition period of the optical-pulse sequence. Let us introduce the designations

M =2R/c+ (k—p) (1+2V/c) 0+ A(k — p)? 6%/,
Aok = 2Ro/c+ (k — p) (1 +2Vo/c) 6 4 Ag (k — p)* 6% /c. (10)

Here, the variables Ay and Ao; have the meaning of temporal positions of the kth pulse. In designations (10),
the received-signal intensity (2) can be written as

N—
SN(t7R07‘/07A0) = S(t_)\Ok)-
k=0

[y

Here, the temporal position A; of the kth pulse, which determines the target range Ry = cA;/2 in
each repetition period [tg,tr11], takes the values from the a priori interval
Ak = [Ak min> Ak max]a (11)
1) (14 2Vinin/€) 0 + Awin (k — p)* 60* /e, k> ;
M) (1 +2Vmax/c)9 + Amin (k _'u)2 92/07 k< 12
1) (14 2Vinax /€) 0 + Apax (k — )2 0%/c, k> p;
1) (14 2Vigin/€) 0 + Amax (k — )2 602/c, k< p.

2Rmin/C + (k

(
(

) 2Ruax/c+ (k
o= Lo L

{2Rmin/c + (k —
kmin = _
The boundaries Agmin and Agmax are determined differently depending on the ratio between the parameters
k and p. The middles Apry = (Agmin + Ak max)/2 of the intervals Ay can be found from the formulas

Apek = 2Rpe /e + (k — 1) (14 2Vpe /) 0 + Ape (b — 1) 62/,

where
Rax + Rmin Vo — Vinax + Vinin A — Amax + Amin
9 ) pr — 9 ’ pr — 9 .

Ry =

With allowance for definitions (10), the estimates of range, velocity, and acceleration can be formed

from the estimates A\ of the parameters Agr. We will seek the estimates Ap of the arrival times Ay of

the sequence pulses separately in each repetition period by the maximum likelihood technique. Consider a
log-likelihood for one pulse

Li(\) = /ln[1+s(t—)\k)/l/] dr(t) — / s(t — \p) dt. (12)

As the estimate \; we take the point of the greatest maximum of the log-likelihood (12)
At Li(A) = sup L (M), Ak € Ay (13)

In order to calculate statistical characteristics of the estimate A of the parameter Ao, we represent
logarithm (12) as the sum of the signal and noise functions according to [6]:

Li(Ax) = Sk( Mok, Ak) + Nik(Ag) + C. (14)
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The signal function is determined from the relation
Sk(Aoks Ak) = (Le(Ax)) — C,

where the angle brackets denote the conditional (for a fixed Ag;) mathematical expectation assuming that
the received signal 7 (t) is a Poisson process with the intensity S (t) = s(t — A\x) + v and corresponds to the
true value Agg of the parameter \;. The quantity C is determined by the expression

trt1 trt1
C=v / Inf1+ s(t —A)/v] dt — / s(t — A\g) dt. (15)
(2 (2
Since the parameter )\ is independent of the signal energy, the quantity C' is independent of the estimated

parameter \i. Moreover, since the pulse energy is independent of the pulse number k, the quantity C is
independent of the number k. Thus, for the signal function we have a representation

S (o Ae) = / In[1+ s(t — Ap)/v]s(t — Aow) dt. (16)

tg

Let us introduce the following designation for the maximum of the signal function:

lkt1
ms = Sk(Aok, Aok) = / In[1+ s(t)/v]s(t)dt. (17)
tg
The point at which the signal function (16) reaches the greatest maximum is the true value Ao, of the
parameter g, such that Si(Aok, Aox) = sup Sk(Aok, Ak) according to [6]. We define the noise function by

the expression N (Ax) = Li(Ax) — (Lg(Ak)). The mathematical expectation of the noise function is equal to
zero, and the correlation function for arbitrary positions A and Aoy € Ay has the form

KN (Atk, Aak) = (N (Mk) Ne(A2k))

v [ Inft st = )/ nft st = )/ [1+ st - M)/ i, (1)

where A, = 2Ry /e (k—p) (142V1 /c) 0+ Ay (k—p)? 02 /c, Mot = 2Ry /c+(k—p) (142Va/c) 0+ As (k—p)? 62 /c.
We now write an expression for the noise-function variance at the maximum Mg of the signal function:

o2n = Kn(Aok, Aop) = v / In?[1 + s(t)/v][1 + s(t)/v] dt. (19)

173

From Egs. (17) and (19) it follows that the signal-to-noise ratio in the case of reception of one pulse of the
sequence (2), according to [6], has the form

+00 2 +00
A= ;Z% =1[ / ln[1+s<t>/v]s<t>dt] / / (1 + s(8)/v] [1 + s(t) /0] dt. (20)
SN o 0o

We now determine the duration A\ of signal functions (16) by the relation Sk(Aok, Aox £ AX) ~ 0.

291



The durations A\ of signal functions are independent of the number £ since it is assumed that the shapes
of all pulses are identical in one sequence. We designate by Axs = [Aox — AX; Adgx + AN] the subrange of a
priori range (11), in which the central peak of signal function (16) is significantly different from zero, and
by Apn we designate the completion of the interval Apg to Ax. We call the interval Agg a signal region and
Akn, a noise region. By definition, the signal function Si(Aog, A\x) = 0 for A\ € Agn.

Consider at first the case where the estimate )\ enters the signal region Ajg. Such an estimate is
called reliable according to [6].

The characteristics of a reliable estimate can be found from the solution of the likelihood equation
given in [6]. We will solve this equation by the method [6] of a small parameter, as which we use the quantity
e = 1/z1, which is inverse of the signal-to-noise ratio (20). Confining ourselves to the first approximation,
we find the mathematical expectation of a reliable estimate

mok(Ak | Ro, Vo, Ao) = (M) = Aok = 2Ro/c+ (k — p) (1 +2Vo/c) 0 + Ao (k — )2 6% /¢ (21)

and its variance according to [8]: )
o5 = (A, — dow)?) = 1/cv. (22)
Here, o was determined by Eq. (8). If, besides the requirement

1 > 1,
the condition from [9] is fulfilled,
+oo
/ s(t)dt +vr > 1, (23)

then the reliable estimate is roughly a Gaussian random value. In inequality (23), by 7 we designate the
duration of one optical pulse with intensity s(t).

If the signal-to-noise ratio (20) is not too large and for the interval of possible values of the temporal
positions A\ the inequality
AANpri /AN > 1, (24)

where
AAprk = Akmax - Akmin =2 A}zpr/c +2 A‘/pr |k - /L| 9/6 + AApr (k - :u)2 92/07 (25)

is fulfilled, then, according to [6], abnormal errors may appear [6]. To determine the impact of abnormal
errors, it is necessary to find, following [6], the reliable-estimate probability

Poxr = P\, € Agg). (26)

The approximate reliable-estimate probability Pyyr can be found when the Gaussian approximation
of the decision statistics (12) is acceptable. In the signal region Ayg, the distribution of the log-likelihood is
roughly Gaussian if condition (23) is fulfilled. In the noise region Ay, the distribution of the log-likelihood
can be approximated by a Gaussian one if, along with inequality (23), the condition from [9] is fulfilled:

vt > 1. (27)

Obviously, if relation (27) is fullfilled, then inequality (23) is always fulfilled.

By virtue of definition (13) for the estimate of the position M\, with the maximum likelihood, the
probability (26) of a reliable estimate can be represented as

PO)\k = P(HS > HN), (28)
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where

Hg = sup Li(\g), Hy = sup Li(A\g).
AEALS AEALN

If condition (24) is fulfilled, then the random quantities Hg and Hy are roughly statistically inde-
pendent according to [6]. Therefore, Eq. (28) takes the form
+oo
Poxi = / Fn(H)dFs(H), (29)
— 0o
where Fiy(H) and Fs(H) are the distribution functions of the random quantities Hy and Hg, respectively.
Let us find the distribution function Fg(H). Since the subintervals Ayg roughly coincide with the
region of high correlation of random process (14), then for a sufficiently large signal-to-noise ratio (20), the

approximation R
Li(A) = ms + Ni(Aok)- (30)

is valid. Hereafter, insignificant constant (15) is omitted. Since the random quantity Hg is roughly Gaussian
with mathematical expectation (17) and variance (19), then it can be written that

Fs(H) = ®[(H — mg)/osn], (31)

where ®(z) = (2r)~1/2 [* exp(—t?/2)dt is the probability integral.

In the region of abnormal errors Ayy, the decision statistics Ly(Ag) has also a roughly Gaussian
distribution. The correlation function of the noise function in the noise region is somewhat different from
expression (18). Namely, for the positions Ai, Aox € Agn the function

tey1
KO e =9 [ 1nfL 4t = A/ InfL + (e = dar) /],
t
so that in the noise region the log-likelihood is a stationary random process with the variance
Tt1
02 = Ky (e A) = v / m2[1 + s(t) /v] dt.

g

Approximation for the distribution function of the greatest maximum of the noise component Hy
with the inequality (24) fulfilled and for a large ratio H/oy, according to [6], has the form

&k H?
- - H>0
Fy(H) = eXp[ 27reXp( 20%) =0

0, H <O.

(32)

Here, the variable

L 0?Kn(Aik; Aok) AN, / [ds/dt(t)] / )
gk et \/J]2V Ok OAag, Ap=Aak v K [1 + S(t)/l/]z n [ s( )/V]

—0o0

and the parameter AAp,, was determined by Eq. (25). The quantities §; have the meaning of the reduced
lengths taken from [7] for a priori intervals of possible values of the temporal positions of the pulses and
determine the number of discernible values of the temporal positions in the interval Aj.
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Substituting expressions (31) and (32) into Eq. (29), we obtain an approximate reliable-estimate
probability according to [8]

r (x—m)* & 2
Py = /ex exp( — de. 33
T o ( 1—1—/11 J p[ 2(14K2) 2n p( 2)] (33)

Here, the coefficients

701n [1+s(t)/v]s /ydt//ln [1+s(t)/v] dt
n1=701n[1+s()/y]3() / u/ 21 4 s(t)/v] dt

The accuracy of Eq. (33) increases with increasing variables & and signal-to-noise ratio (20).
For the possible presence of abnormal errors, estimates (13) are statistically independent random
quantities with the probability density from [6]

Wi(Ar) = Pox Wo( M) + Paxe Wa(Ar)- (34)

Here, WO(S\/C) is the Gaussian probability density of the reliable estimate Mk, which has momenta (21)
and (22). By virtue of the stationarity of logarithm (12) in the noise region, the probability density W, (Az)
of an abnormal error is constant in the a priori interval (11) according to [6]. Therefore, the first two
conditional (with respect to Ry, Vp, and Ap) momenta of estimate (13) are determined by the expressions

my = my(\r, | Ro, Vo, Ao) = (M) = Poxi Aok + (1 — Poxr) Apek
= Poxx[2Ro/c+ (k — ) (1 +2Vo/c) 0 + Ag (k — 1) 6% /]
+ (1 = Poxg) [2Rpe/c+ (k — p) (1 4 2V /) 0 + Ape (K — p)? 0%/c], (35)

0-]% - U]?;(S\k’ | R07 ‘/OyAO) = <(5\k’ - <5\k’>)2>
P, 1-F,
= TO OAR AN+ Poxk (1= Poxe) (Apek — Aox)?

o 71
Poxx — Poxk 2
= 41 ro (2 ARp 2 AV ke — ] 0+ Ay (k= 1) 07]
Powe (1 P,
4 T PO 1 (B Ro) 2 (Vi — Vo) (b — 1) 0+ (A — Ag) (k — p)26%)%. (36)

C

Correspondingly, the conditional bias and conditional spread of estimate (13) can be written as

b = b(Ax | Ro, Vo, Ao) = (A — Aox) = (1 — Poxr) (Apek — Aox)

= 2(Rpr — Ro)/c+ 2 (k — ) (Vir — Vo) 0/c + (Apr — Ao) (k — 11)? 62/,
2

AA
prk + (Aprk - )\Ok)2:|

N N P,
By, = Bip(Ak | Ro, Vo, Ao) = ((Ae — Aox)?) = Sjk + (1 — Poxr) 12

Py,  1-P
_ 0k + 0k

1
N 2 {12 [2ARp ¢+ 2 AV, |k — ] 0+ AAy, (k — p)?6%]°

+ [2 (Rpr - RO) +2(Vpr - ‘/0) (k _lu’)9+ (Apr _AO) (k _M)292]2}‘
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4. QUASIOPTIMAL ESTIMATES OF MOTION PARAMETERS

Consider the possibility of using estimates (13) with the maximum likelihood to obtain the estimates
of range, velocity, and acceleration. It is seen from Eq. (34) that the distribution of estimates (13) in the
presence of abnormal errors is non-Gaussian. Due to the relatively complex shape of this non-Gaussian
distribution, the synthesis of a quasioptimal estimate is difficult. Therefore, when seeking the quasioptimal
estimate we will confine ourselves to the Gaussian approximation of the distribution of estimates (13), which
is valid for the values Pyy, that are close to unity. Then for the conditional probability density of random
quantity (13) in the case of a reliable estimate, one can write an approximate formula

3 3 2
o0 V2T 204
where the mathematical expectation mox(R,V, A) was determined by expression (21), and variance o2, by
equality (22).

We will use a set of N 1ndependent random quantities (13) as initial statistics for obtaining quasiop-
timal estimates of the range R, velocity V, and acceleration A. The corresponding likelihood function has

the form
N—1

W(Ao, .- An—1 | RV, A) = [ Wil | B, V. A). (38)
k=0
Substituting formula (37) into equality (38) and omitting insignificant terms, for the log-likelihood function
we obtain the expression

N-1
N 1
InW (o, ..., An_1| R, V, A) — o O [ —2R/c— (k- p) (1 +2V/e) 0 — Ak — p)20%/c]”.  (39)
O'
k=0

According to the maximum-likelihood technique, as the estimates ]:2, ‘7, and A one should take the
values for which the function (39) is the maximum. As is well known, the conditions

aan_O OlnW olnW

OR oy Y oa Y

should be fulfilled at the maximum. In detailed form, these equations are given by

4Mg  46M; 20°M,\ (R oMy — 20 M,
40M,  402My 20°Ms | |V | = | 200, — 2020 |, (40)
€ \202M, 20305 040y A 02Ny — 63 M

where the coefficients M,, are defined by formula (8), and the quantities

N-1
M, =
k=0
Solving Eq. (40), we obtain the vector
ﬁ N-1 5RI<: . 0
1% Svi | A — | /2], (41)
A k=0 \dAk 0
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where the elements

¢ [(MaMy — M3) + (k — p) (Ma Mz — My My) + (k — p)* (My My — M3)]

OrL. =
Rk 2 [(2M, My + MyMy) My — M3 — MoM2 — M2M,] ’
5 _ Cc [(MQMg — M1M4) + (k — /L) (MOM4 — M22) + (k — ,u)2 (MlMg — MOMg)]
v 20[(2M, My + MoMy) My — M3 — MoM2 — M2M,] ’
5A C [(MlMg — M22) + (k — ,u) (MlMg - MQMg) + (k - /L)z (MOM2 — M%)]
k — .

02 [(2My M3 + MoMy) My — M3 — MoM3 — M7 M,]

The elements dgy, 0k, and d 45 depend only on the number k& and the quantity u, and it is therefore sufficient
to calculate them one time.

Since the estimates (41) were obtained on the basis

R of information only about the estimates 5\k, but not full
information about the received sample, these estimates
7' (¢) A . are not the maximum-likelihood estimates.
1 x 2 3 V
The described quasioptimal algorithm can be im-
xill) i plemented using the block diagram shown in Fig.1. A

flow of short pulses, which is the derivative of the realiza-
Fig. 1. Block diagram of a quasioptimal gauge. tion of the Poisson random process 7'(t), is fed to the re-

ceiver input. The pulse flow passes through the filter (unit

1) with the impulse response h(t) = aln[1+ s(t* —t)/v],
where a is the filter gain and t* is the delay, which should be t* > 7 if inequality (23) is fulfilled. After the
filter, the signal is multiplied by the function

1, te A,
Xk(t) =
0, t¢& Ag.

successively for all numbers k =0, ... ;N — 1. Unit 2 (extremator) determines the temporal position of the
greatest maximum of the signal fed to the input and generates a sequence of estimates Ag. Unit 3 is the
computing device that calculates the estimates of range, velocity, and acceleration using Eq. (41).

Let us find the characteristics of quasioptimal estimates (41). In order to obtain mathematical
expectations of estimates (41), it is needed that instead of the estimates )\, their mathematical expectations
be substituted into them. As a result, we obtain

(R| Ro, Vo, Ao)\ N1 [Omi\ 0
(V| Ro, Vo, Aoy | = D | ovie | (\e) = [ ¢/2] - (42)
(A'| Ro, Vo, Ag) k=0 \JAk 0

Subtracting from Eq. (42) the identity

Ro N—-1 5Rk 0
Vo | = | ove | Ao — [ ¢/2
Ap k=0 \O0Ak 0

and using Eq. (35), we obtain an expression for the conditional biases of quasioptimal estimates:

R 2 20 62
b(l | Ro, Vo, AO) = CSOlO (Rpr - RO) + c Pi1 (Vpr - VO) + c P2 (Apr - AO) (43)
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Here, [ is one of the motion parameters to estimate, namely, R, V', or A, the coeflicients

N-1

Pim = Z 5lkPa)\k: (k - N)ma m =0,1,2, (44)
k=0

and P,y = 1 — Py is the abnormal-error probability [6].

According to Eq. (43), quasioptimal estimates (41) in the presence of abnormal estimates are condi-
tionally biased. Using the non-dependence of random quantities (13), from equalities (36), (41), and (43)
we obtain an expression for the conditional spread of quasioptimal estimates:

N—-1
B(I| Ro, Vo, Ao) = > dir0n(M | Ro, Vo, Ao) + b°(1 | Ro, Vo, Ao).
k=0

Substituting expressions (36) and (43) into this formula, we obtain

N—1 101

> P+ [ 1y (D0 MRS, + 467z AV2 + 0x1g AAZ,
k=0

+ 80x11 ARy AV + 402 x50 ARy AAp: + 46% X33 AVpy AAp,)

+ 4 (o + 1) (Bpr — Ro)? + 4602 (Yi2 + 1) (Vor — Vo)? + 0" (Yua + ¢7) (Apr — Ap)?
+ 80 (Y + piowin) (Rpr — Ro) (Ve — Vo) + 46° (Y12 + @rogi2) (Rpr — Ro) (Apr — Ao)
+ 46 (i3 + pr112) Vr — Vo) (Ape — Ao) |, (45)

1

B(I| Ry, Vi, Ag) = N

where
N-1 N-1
Xim = Z 5l2k Paxk |k - :U|m, Yim = Z 5l2k: Poxg Paxk (k‘ - ,u)m, (46)
k=0 k=0

and the coefficients ¢y, are defined by expression (44).

As the signal-to-noise ratio (20) increases for one pulse of sequence (2), the reliable-error probability
of the temporal position of optical pulse (33) also increases, i.e., Poxr — 1, and Py, — 0 for z; — oo.
Accordingly, from Egs. (43) and (45) we have

b(R | Ro, Vo, Ay) — 0, b(V | Ry, Vo, Ag) = 0, b(A | Ry, Vo, Ag) — 0 (47)
and
A 1 N—-1
B(l| Ro, Vo, Ao) = > . (48)
k=0

Performing the summation, for a large signal-to-noise ratio (20) we obtain

B(R | Ry, Vi, Ag) = Do(R),  B(V | Ry, Vo, Aog) = Do(V),  B(A| Ry, Vy, Ag) = Dy(A). (49)

Here, the quantities Do(R), Do(V'), and Do(A) are defined by expressions (7) and represent the variances of
the mutually effective estimates of the motion parameters. Consequently, quasioptimal estimates (41) are
asymptotically (with increasing signal-to-noise ratio (20)) conditionally unbiased according to limits (47)
and are mutually effective according to the limit (49).

We then find the unconditional characteristics of quasioptimal estimates (41). We assume that the
true values of Ry, Vp, and Ay are uniformly distributed in the a priori region W. Averaging expression (43)
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over the uniformly distributed values of Ry, Vp, and Ag, for the unconditional biases we obtain

b(R) = (B(R ‘ R07V07A0)> =0, b(V) = <B(V | Ry, %7A0)> =0,
Consequently, quasioptimal estimates (41) are unconditionally unbiased.

We now turn to finding the unconditional spreads. Averaging expression (45) over uniformly dis-
tributed values of Ry, Vp, and Ay, for the unconditional spreads of quasioptimal estimates (41) we find

[4 (x10 + P10 + Vip) ARy, + 467 (xi2 + iz + Vip) AV

+ 0% (ua + pua + YF) AAZL + 80x11 ARpy AViy + 46X ARy Ay + 4653 AV Ape | (50)

Comparing expressions (6) and (50), one can find the losses in accuracy of quasioptimal estimates (41)
compared with the accuracy of the maximum-likelihood estimates (4).

With increasing signal-to-noise ratio (20), the reliable-estimate probability Pyyx — 1 and Pyx — 0,
see Eq. (33). Accordingly, from expression (50) we have

N—

[y

1

“ =0
which is similar to the limit (48). Consequently, as the signal-to-noise ratio (20) increases, uncondi-
tional spreads of quasioptimal estimates (41) asymptotically coincide with the unconditional spreads of
the maximum-likelihood estimates (4).

5. CONCLUSIONS

The proposed quasioptimal estimates (41), as well as the maximum-likelihood estimates (4), are
asymptotically effective with increasing signal-to-noise ratio. To make the maximum-likelihood estimates (4)
close to effective, the signal-to-noise ratio (9) should be high for the whole observed sequence of optical pulses
with intensity (2). To make the quasioptimal estimates close to effective, the signal-to-noise ratio (20)
should be high for each pulse of the observed sequence of optical pulses. Therefore, the provision of a high
a posteriori accuracy of quasioptimal estimates requires a significantly higher energy of the useful signal.

Thus, if the conditions for a high a posteriori accuracy of the estimates of temporal positions for each
pulse are fulfilled, then instead of the maximum-likelihood algorithm (4), which is difficult to implement,
one can use, actually without losses in accuracy, the quasioptimal algorithm (41), which is much easier to
implement. Moreover, algorithm (41) can be used for processing of the measurement results in the existing
high-accuracy laser range meters to obtain additional information on velocity and acceleration.
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