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CTATUCTNYECKUNE CBOMCTBA BBICOTHI 1
IIOJIOZKEHN A ABCOJIDTHOI'O MAKCIMYMA
- MAPKOBCKOTI'O CJIVHAUMHOTI'O ITPOIIECCA TUIIA
BAIIIEJIBE*

A. II. Tpudonos, IO. 3. Kopuarun, M. B. Becnajiosa

Boponeotcekuti 2ocydapecmeenuniill yrnusepcumem
ITocrynuna B pegaknuo 02.10.2014 1.

AHHOTaAIAA: KCCIIEIOBAHbl CTATUCTHYECKUE XAPAKTEPUCTUKM BEJIMYUHBI M IOJIOXKEHUS
HauOOJIBIIEr0 MaKCHMyMa MAapKOBCKOIO CJIyYaiiHOro Mpolecca TUlla Bamenbe ¢ KycodHO-
IIOCTOSHHBIMH II0 BpeMeHH Kodddunuenramu cHoca u quddysun. B pesynbrare pemenus
ypaBreHus ®okkepa-Ilianka-KomMoroposa mosydeHbl TOYHBIE U aCHMITOTHYECKUE BHIPAZKE-
HUS I DYHKIWHA pacIpeesieHus], IFIOTHOCTEH BEPOSTHOCTH ¥ MOMEHTOB BEJIMYHHBLI U HOJIO-
»KeHMs HauboJIbIIero MaKCUMyMa MapKOBCKOI'O CJIy4aiiHoro mpouecca. Haiinena dbynkius pac-
IIpe/ieJIeHUsI BpEMeHU I1ePBOI'0 JIOCTHXKEHHSI I'PAHUIIBI CIyJalHbIM IIPOIECCOM THIIa Baluesbe.
IMony4ennsle pe3yabTaThl MOy T GBITH MCIIOJIL30BAHbI IS AHAJIU38 AJTOPUTMOB ONTHMAJILHOM
¥ KBa3HOITUMAJbHOI 00paboTKH Pa3phIBHBIX CUIHAJIOB, HAOIIOHaeMbIX Ha (hOHE IIyMa, KOTIa
peliaonias CTATUCTUKA (MK eé mpupaiieHue) o6/1aaeT MapKOBCKUMHE CBOMCTBAMH.

KarougeBsbie ciioBa: ypasuenune @okkepa-Ilinanka-KosmMoroposa, pacupesnenenus mI0THO-
CTH BEPOSATHOCTH, BBICOTA, IIOJIOKEHHE aDCOIOTHOIO MAKCHMYMa.

STATISTICAL PROPERTIES OF HEIGHT AND PROVISIONS
OF ABSOLUTE MAXIMUM MARKOV PROCESSES

BACHELIER TYPE
A. P. Trifonov, Y. E. Korchagin, M. B. Bespalova

Abstract: the statistical characteristics of size and position of the largest maximum
of Markov random process type Bachelier with piecewise constant time drift and diffusion
coefficients. As a result, the solution of equation Fokker-Planck-Kolmogorov obtain exact and
asymptotic expressions for the distribution functions, probability densities and the moments
of and the position of the highest peak of the Markov random process. Distribution function
of the first passage time of a Random Process of Bachelier. The results can be used to analyze
algorithms for optimal and quazioptimal processing discontinuous signals observed on the
background noise, when the decisive statistics (or its increment) has the Markov property.

Keywords: Fokker-Planck-Kolmogorov equation, the probability density distribution,
elevation, the position of the absolute maximum.

3azada UCCIIe[OBAHUS CTATHCTHIECKUX CBOWCTB BBICOTHI (BEJIMYMHBI) M MOJIOXKEHUS abCOJIOT-
HOro (HambOJIBIEr0) MAKCUMYMa CJIy4aifHOro mpormecca aKTyaJbHa JIJIs MHOTHX IPHJIOMKEHHI CTa-
THCTHYECKOH paguodusuku. Tak, Hanpumep, Ha OCHOBE pAaCIpeIeIeHHs BEJIUYMHBI MAaKCHMyMa
pelnaroIeil CTATUCTHKU MOYKHO OIIPEJEIUTh BEPOSTHOCTH OIMUOOK aJIlrOPUTMOB OOHADYKEHUS CHI-
HaJa 1], [2]. BHas craTucTHYecKMe XapaKTEPUCTUKH TOJIOKEHHST MAKCUMYMa CJIydaifHOTO IIPOIIeCc-
ca, MOXKHO HafiTH CTATHCTHYECKHEe XapaKTePUCTUKHI OIEHOK IapaMeTpoB curnana (3], [4]. Meroauka
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s5Ta pacpe ie/IeHN i BeIIIMHbI U TIOJIOZKEHAs MAKCHMYMa CJIy9aifHoOro Iporecca, 061a1alomero
¥XOIMMBIM IHC/JIOM IIPOM3BOIHBIX, ONCAHA, HAIPHMED, B [3].

B 1aHHO paboTe HCCIIeIyIOTCsS CTATHCTUYECKHe CBOHCTBA BEJIMYMHBI M IIOJIOMKEHHs HambOIIb-
© MaKCHMyMa MapKOBCKOTO CTy4afiHOrO IPOIecca ¢ KyCOYHO-IIOCTOSHHBIMU KO3 uIuenTaMu
wa 1 1uddysun, a TakyKe BPEMEHH IEPBOrO JOCTHXKEHUs! TDAHUIBI. 33ady HOUCKA pAacIpe-
sesyii BeJIMYUHBI M TI0JIOYKEHNsS MaKCAMyMa YIaeéTcsi CBecTH [3| K JOBOIBHO XOPOIIO U3yYeHHOH
2a=e 0 JOCTHKEHWH TDAHMI] MAapKOBCKUM cilydaiiHbiM mponeccoM [5|. Haiiném pacnpenenenns
1HBI ¥ [IOJIOXKEHUS HAHOOJIBIIEro MAKCAMYMa MapPKOBCKOI'O CJIy9aifHOTO IIPOIIECCA.

IIveTh MapKOBCKHUH ciydaiinbrii mporece y(z), 3aqannbii Ha orpeske T € (X1, Xo|, obnanaer
DODHUIUEHTOM CHOCA

k ay, Xl < T < To,
1 —_—
—az, Zo<zT< X
sosddunuenToM auddy3un
k b1, X1 <z <o,
2 p—d
by, zo <z < Xo.

% a;, b;, i = 1;2 — IOJIOXKHUTe/IbHBIE KOHCTAHTbI, To — BHYTpPEHHsIsl To4YKa orpe3ka [Xi, X»].
=0pOIHBIE IT0 KOOPAMHATE MAapKOBCKUE IIPOIecchl KoadduimeHTsl cHoca 1 Juddy3un KOTOPhIX
@CHET TOJIBKO OT BPEMEHH, Ha3bIBaIOT IIponeccamu Tura Bamesnse [5].
O6o3Ha9NM
Y= sup y(z), Tm = argsup y(z) (1)
X1<z<X2 X1<z< X2

 SOOTBETCTBEHHO BEJMYMHA U IIOJIOXKEHHe HAaHOOJIBIIero MaKCUMyMa CiIydaitHoro mpomuecca y(x)
srpeske [X1, Xo]. Heobxoaumo HaiiTH cTATMCTHYECKHME XapaKTEPUCTUKH CIly4ailHbIX BeIUINH
=z, (1)

Bse1éM B PacCMOTPEHHUE IBYMEPHYIO (DYHKIHUIO PACIpeesieHns] BeJIMIHMHEl HanOObIIero MaK-
vaa npouecca y(z)

F(u,v,X) = P{ sup y(z) <wu, sup y(z)< v} ‘ (2)

X1<z<X X<z X2

“raacHo [3], byHKIMN pactpeieieHus CIyJaifHbIX BeTmarH (1) MOXKHO BBIPA3UTh Yepes hyHKIHIO
cnpenenenus (2)

Fy(H)ZP{Y<H}:F2(H,H,T2), (3)
Fz(X):P{a:m<X}:/[8—FQ(g—’uU’)Q _]du.

7% COBMECTHOM IJIOTHOCTH BEPOSITHOCTH BEJIMUNHBI U IOJIOXKEHU HanOO/IbIIero MaKCUMyMa CJIy-
smoro mpomecca y(T) cipaBeauBO BbIpaxkeHue 3]

W (u, X) = aix[

OF(u,v,X)
ou

m] . (@)

rerpupys ILIOTHOCTH BepogTHOCTH W (u,X) 1o mepBoMy apryMeHTy B GECKOHEYHBIX IIpefe-
%. MOYKHO IIOJIyYUTh IJIOTHOCTH BEPOSITHOCTH IOJIOXKEHUsI HaHOOIbIIEro MaKCUMyMa MapKOBCKO-
» cayuaiinoro nporecca y(z)

W)= [ W Xdu = 2 7 2540

50 v:u] du. (5)
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CureoBaTesIbHO, /111 BBIYUCJIEHHUS] HICKOMBIX PACIIPEIeJIeHHN BEJIMIMHBI U IT0JIOKEHUsT HaOO IbIIero
MaKCHMyMa, MapPKOBCKOTO CJIy4aifHOro mporecca Heobxoaumo Haiitu dyukmuo (2). Ona mpeacras-
JseT coboil BEpOATHOCTH HEJIOCTHXKEHUS MAPKOBCKHM CJIyYallHBIX [IPOIECCOM Y(Z) rpaHuI] —o0 U
u Ha orpe3ke = € [X;, X| u rpanur —co u v Ha orpeske z € [X, X3].

BeeniéM BcrioMoraTesibHBIN CIIyYaiHbBINA IIPOLECC

u—y(z), Xi<z<X,
z(z) =
v—y(x), X<$<X2

¥ IIepeluIIeM Belpakenue (2) B BUe

FQ(U,’U,X)ZP{ sup z(:c)>0}. (7)

X1<z< X2

Ota (yHKIMS NpecTaBiIsgeT co00H BEPOSITHOCTH HEJOCTIKEHUs mporeccoM z(x) rpanun z = 0 u
z = 00. Coryacho (6) ciayvaiinblii mporece z(z) sBJIsIeTCSs MAPKOBCKUM ¢ KO3 pHUIIEeHTaMH CHOCA

u quddys3un
fo = 470 X1 <z <z, i b1, X1 <z <o,
1z = 2z =
az, Zo<zT< Xy, by, o <z < Xs.

(8)

CriejoBaTesIbHO, BEIYUC/IEHHE BEPOSITHOCTH (7) CBOMUTCS K 33/1a9€ BHIYMC/ICHHUST BEPOSTHOCTH HEJIO-
crikeHuu TpaHull z = 0 M z = 0O MapKOBCKMM CJIy4alfHBIM IporeccoM z(Z) Ha OTpesKe
z € [X1,X2] [5], [6]. Coruacuo [5] must BepositHOCTH (7) MOXKHO 3amucaTh

2 (u,v, X) /WzX2 9)
0

rne W(z, &) — oqHOMEpHAs! IUNIOTHOCTH BEPOSITHOCTH peasiM3aluil ciydaiiHoro mporecca z(x), HE
pa3dy He gocrurmux rpasun z = 0 u z = co. @yukuust W(z, ) ABIsieTcs pellleHueM ypaBHEHUsI
®okkepa-Ilianka-Koamoroposa (PIIK) [5], [6]

zZ,T A
_awa(x, ) + %[k‘le(z,I)] — %%[szW(zv:C)] =0 (10)

IIpY Ha4YaJIbHOM YCJIOBUU

W(z,xz) = W(z, X;)

U 'PAHUYIHBIX YyCJIOBHAX

Wiz =0,2) = W(z =00,) = 0.

Bmecy W(z, X1) — miorHOCTh BepositHOCTH citydaitnoit Benumunnsl z(T1) = u — y(T1). O6o3HawmM
Wo(y) — mrorHoCcTs BepositHOCTH citydaiinoii Besmunnsl y(T1). Torma W(z, X1) = Wy(u — 2).
IMockonbky k03 durmenTs! cHoca 1 Auddy3nn (8) N3MEHSIOTCS CKAIKOM IIPU T = I(, PELIeHNe
ypasrenust (10) 6yzem uckarb otaenbHo ayist X < g u X > xg. [lycers cnagana X < xg. Haiiném
peleHus ocIe0BaTeIbHO Ha orpeskax [ X1, X|, [X, zol, [zo, X2]|. Bomonnum 3ameny mepemMeHHBIX

_ klZ k%z
W(z,z) = U(z,z)exp <k222 2k22x , (11)
Uz, z) = W(z,z)ex L EY B (12)
Pk "7 2k,
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woTopasl P IOCTOSIHHBIX Kodddunuentax cHoca n auddys3un npusogur ypasaenue (10) K kaHO-
swseckoMy Buay [7]
oU(z,z) ki, 0°U(z,z)

9z 2 022 e
Coraacho (11), HauabHBIE M MPDAHUYHBIE YCIOBHS 17151 ypaBHeHus (13) sammmeM Kax
_ klz klz
U(z,X1) =W(z,X1)exp | ——2 + X1 (14)
k'2z 2k2z
Uz =0,2) =U(z =00,2) =0.
2 paborax (7], [8] maitzeno pemenue ypasuenus (13)
U(er8) = s / (6 X)X [z, kas(e — X1)] de, (15)
271’]622 T —

2= 0003HAYEHO

2IE3 2.’23

X(@1, 53, 35) = exp (_M) — exp (_M) .

Toactanas (14) B pemenne (15), a 3arem (15) B (11), Haxogum pemenne ypasaerusi OIIK na
srpeske z € [ X1, X]

1 2

Wiz, x) = e
(Z x) 27Tk22(:L‘—X1) Xp( 2k22

(o 1)) x

X/W€ Xl exp( :;Z(g_z)>X[ZafakZZ(x—Xl)]dé
0

Y anThiBas (8), IMEpeluIeM OCIeHee BbIPDAayKeHNe B BHUJIE

1 a2
Wil ) = 27by (z — X1) T ( 2by T X1)>
al
x 0/ W (e, Xy) exp (b—l(a - z)) X[, by (e — X1)] dé. (16)

Il1otHOCTH BepositHOCTH (16) mpu = X npesncrasisier coboii HadaJIbHOE YCJIOBHE [T CIIeLyIoIe-
w0 otpeska T € [X, zg]. Cormacuo (6) ciywaitasrii mpornecc z(z) mpu x = X IpeTeprneBaeT CKadoK
se1manHOH v — u. Cnenosarensno, W(z,z +0) = W(z + u — v,z — 0), 1 HaYaIBHOE yCIIOBHE IS
otpeska = € [X, zo| nMeeT BUA

1 2
W(z,X) = T (LX) exp < %%, = X1)> (17)

x/W{"Xl exp(bl(ﬁ—z—kv—u))X[z+u—v,£,b1(X—X1)]d§.
0

C nmomompio 3amenbl nepemeHbix (12) mpusomum ypasrennme @PIIK k KaHOHHYECKOMY BUAY U
SAMICHIBAEM €r0 pellleHue aHaJorudHo (15)

. 1 7 ai a%
U(z,z) = mo/w(fh)() exp (b—1€1 + EX> x [2,61,b1(x — X)] dé1. (18)
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Iloncrapnas (17) B (18) u BosBpamasich K IIOTHOCTH BepositHocTH W (z, ), moMydaeMm pemreHne
ypaBrenus PIIK ma orpeske z € [X, z]

W(z,z) = ! exp <—£(m—X1)—ﬂ(z+u—v)> X
’ 21b1/(z — X)(X — X1) 2b by

< [ [wie. s e <b_15) X [E1 1w — v, £, b1 (X — X1)] x 2 1, by (& — X)] dedes.
0 0

ITonoxxus B BeIpakenun (18) x = o, UMeeM HavaJIbHOE yCJIOBUE IS CJIELYIONIEr0 OTPE3Ka
[0, X2). Pemenne ypaBuenust (13) sanumenm ananoruuso (18) ¢ yuérom usmenenus kosddurpen-
TOB cHOca U 1uddysuun (8)

1 7 a3
U(z,z) = mo/w(&,xo) exp (-—52 + iﬂ:o) X [2, &2, b2(x — )] d&a.

Bosspamasce x miornoctn Bepositoctn W (z, ), nosy4aem pemenue ypasaerns ®IIK na orpeske
z € [zo, Xo]

B exp(—ai(u —v)/b1 + azz/bs) __6_12_ _ B a_% vz
Wleyel = 21b1v/27b3(z — 20) (0 — X)X — X1)  © ( 2by g =21) 2b2( 0)> g

(o ol elNe o]

x///W§X1 exp<b1£ [bl ]52>X[§1+u—u,g,bl(x—xl)]x (19)

xx [€2, &1, b1 (w0 — X)] x [2, &2, b2 (x — 20)] dEdE1dEs.

Haiiném reneps pemenue ypasnenus (10) mpu X > xo mocseoBaresbHo Ha orpeskax [ X1, To),
[z0, X], [X, X2]. Pemenne na mepsom orpeske (X1, o] cosnazaer c (16). Ilonoxus B (16) = = w0,
HOJIyYUM HadaJIbHOE YCJIOBHE JJIsi OTPe3Ka [Tg, X |

_ 1 e
W(z,x) = G o oy exp ( % (zo X1)> X
X /W &, X1)exp (bl (= z)) X [2,&,b1(zo — X1)] dE. (20)
0

C momompro 3aMens! mepeMeHHbIX (12) npusoguMm ypasaenme OIIK K KaHOHHYECKOMY BHIY U
3aIICBIBAEM €r0 pellleHue aHaJorudso (15)

2
Ulz,z) = 2 4 —330) x5 €1,bo(z — zo) e, (21)

1 o0
NeeE) O/W(fl,xo) exp ( 5%

IToncrasnss (20) B (21) u Bo3Bpammasich K oTHOCTH BeposiTHOcTH W (2, ), HOMydaeM pemnrenue
ypasrerusi ®IIK na orpeske z € [zg, X]

W(z,x) = e ( ot & X)a% (z m))x
2, r) = X _— — — —
27r\/b1 @ - X)ba(z —m0) T\ 2b; 0 “Vip, :

a9 an
//W§X1 exp<b1§ [bﬁg}&*gz%

XX [€1,€, b1(zo — X1)] x [2, &, ba(z — w0)] dédé. (22)
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IlrotHOCTH BepoaTHocTH (22) mpu z = X mpeicraBiser coboil HAUaJbHOE yCJIOBHE JJIs CIIE/y-
wmero orpeska z € [X, Xs]. Cormacuo (6) ciywaitmbiii mporecc 2(z) npu £ = X nperepresaer
cxag0K Bemaunoil v — u. CirenoBaremsro, W(z,z+0) = W(z+u—v,z—0), 1 Ha49aTbHOE yCIOBHIE
=1 orpeska [X, Xo] umeer Bug W (z,z) = W(z + u — v, X). Pemenne ypasrenns (13) sammmrem
azanorudHo (21)

U(z,z) =

az
——27rb2(a: = /W & +u—v,X)exp (—EEQ o == 55 X)
XX[Z,fg,bz(x—X)] dfg. (23)

Toxcrasasis (22) B (23) u Bo3Bpamasch K mwioTHOCTH BeposTHOCTH W (2, T), IOTydaeM peleHue
spasrenns OIIK na orpeske [X, Xo|

_ exp(az(z +u —v)/b2) _a_%m 3 _ %
W(z’x)_znbz\/ml 20— X1)(X — 20) (& = X) exp( 26, 0~ K1)~ 5, (@ °)>x

///W§X1 exp< g — [b ]fl)x[fl,f,bl(:cg—Xl)]x (24)

xx [€2 +u — v, &, ba(X — m0)] x [2, &2, ba(z — X)] d€dE1dEs.

[oncrasus Haiinennsie pemenns ypapaerus OIIK (19) u (24) B Bblpaxenue (9), moaydum
scKoMyIo (DYHKIHIO pacupeesenus (2)

_exp(—ax(u — v) /b1 — af(wo — X1)/2b1) 777 o ( — a1 (€ —
Fyu,v, X) = 2mb1y/ (w0 — X)(X — X1) O/O/O/WO yoxp ( —anlea = &)/bu)x

xp(2a2/v/ba, X2 — 0, 2a262/b2) x (&1 + u — v, &, b1(X — X1))
XX(£2,§1) bl(mo - X))d€d£1d£2a X < o, (25)

00 00 00
Fy(u, v, X) = exp(ag(u — v) /by — a3 (xo — X1)/2b1) ///W()(u—
T 27T\/b1b2 —IE() SC()—Xl 5 a5

x exp (a1€/b1 + az€a/ba — (a1/b1 + az/ba)61 — a5(X — x0)/2b2) ¥
xx (2 +u — v, €1, b2(X2 — m0)) x (€1, €, b1 (20 — X1)) %
xp(2a/ /b2, X2 — X, 20262 /b2) dédErdEa, X > xo, (26)

r1e 0003HAYEHO

Y1
o(y1,Y2,93) = < V2 +

o) ~eotwe (5.

T

a ®(x) = [ exp(—t?/2)dt / V27 — unrerpan BeposTHOCTH. 1lonokus B BeIpakeHnn (26) u =
—00

v = H, X = X, naxomuM yHKImO pacupeiesnesns (3) BeJTMINHbI HAKOOIBIIETO MAaKCHMYMa

MapKOBCKOTO CJIyYaifHOro IIpoIecca

exp(—a2(zo — X1)/2b1)
27Tb1($() — X1

xx (€1,€, b1(zo — X1) )<P(2a2/\/_2; Xa — o, 2a2&1 /bg) d€d&s .

Fy(H) =

/ WoH — ) exp (an(€ — €0)/br)
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IMoncrasnss dbyuknuio pacupeznenerus (25), (26) B dopmymny (4), HAXOqUM COBMECTHYIO ILIOT-
HOCTb BEPOSITHOCTH BEeJIMYMHBI U HOJIOXKEHUS HAMOOJIBIIEr0 MaKCHUMyMa, MapKOBCKOTO CJIyYaiiHOro
npormecca nmpu X < Iy

_ [T Wolu— §)¢(2a2/v/b2, X2 — x0, 20261 /bs)
W(U,X) = 0/0/ Wb%(X _ X1)3/2(SL'0 _X)3/2 X (27)

xégrexp |~ S (o — Xy - o A B gy ggag
! P 2b1 0 ! 2b1(X—X1) 2b1(IL‘0—X) b1 ! .

u apu X > xp

W(u, X) = ) (28)

1 x o0
Welu —
v ves J I RLCO
0 0
exp [—a%(Xg - X)/2bz] a g a_%
27Tb2(X2 — X) b? b2

2
X exp [Z—;f - (Z—i + Z—z) &1 — m] x (&, &1, b1(zo — X1))dEdE;.

(XQ—X) X

IMoncrasnsist Beipaxkenusi (27) u (28) B (5), HAXOAUM IIOTHOCTH BEPOSITHOCTH [OJIOXKEHHSsT HAHOOJIb-
IIer0 MaKCUMyMa MapKOBCKOIO CJIy4aifHOro mporecca

- X _ _
20 zi?wo ,z%mo Xl,ngz 330,1 , X <z,
A - 90X —Tg o Xo—x0 Hx0— X1
ZQ“IJ 22 A 722 A 7Z1 A ,R I} X > .'L'()
rie o6oznaueHo: A = Xo — X1, 22 = 2a2A /by, 22 = 2a2A /by, R = a1ba/asby,
1 1 2 2
1 Jyn—y\ | exp[—(y1 —y)/4]
U(y,¥1,92:¥3) = 5 =35 | 2 + X
2/mly|3/? 2 m(y1 — y)
(30)

Jeon P (o5 emnen (2552

ITostokenne HauOOJIBIIEr0 MAKCHMyMa, CJTyJafHOTO MPOIECCA Ly, YACTO UTPAET POJIb OLEHKH Ilapa-
MeTpa curHaja. [losToMy paccMoTpuM cBoicTBa mioTHOCTH BepositHocTH (29). Haiiném marema-
THYECKOE OXKUJIAHUE CJIyJailHOU BEJIMIUHBI Ty, — T, KOTOPOE XapaKTEPHU3yeT CpejiHee OTKJIOHEHUE
[TOJIOXKEHUST MAKCAMYMa, MapKOBCKOT'O MPOIECCa OT BEJIMUYUHBI X

Xa
b= (zm —xo) = /(a: —zo)W(z)dz = (31)
X1
A 2X2—.’E0 2$0—X1 A 2:1,‘()—X1 2X2—.’L‘0 1
:Z_%Fb(ZZ A ) 21 A 7R _Z_%Fb 21 A y 22 A 7R ¢
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)

Fy(y1,92,y3) = /w‘ll(x,yl,ya,ys)dw -
0

_yl 1 y—z) epl-m-o)/4|
_O/Wﬁ{@(V SR =

[ sexp [ [ (BEL) ey pge (2E1)] e
0

V2y2 V2y2

Ksanpar OTKJIOHEHHSI TI0JIOYKEHUSI HAMOOJIBIIIEr0o MaKCHUMyMa MapKOBCKOI'O CJIy4aifHOTO IIpoliec-
2 y(T) OT TOYKH T( XapaKTepU3yeTcs BeJHINHOI

Xo
¥ = (i — 0% = /(ac _ 20)2W (z)dz = (32)
X1
A2 2X2—:L‘0 21’0—X1 Az 2.’L‘0—X1 2X2—IE0 1
= z—gFV <22 = ) 21 A ,R) -+ EFV (zl X ) 25 X ’E) .

33ech

Y1
Fy(y1,92,y3) = /372‘1’(367y1,y2,y3)d$ =
0

_ylﬁ y—z\ _ epl-(m-—o)/4{
- [RE(P) ==

0

ol 5] [ (25 i (252 e

I/ MCCIe0BaHnsl aCUMIITOTHYECKOTO TIOBEJIEHUs! IUIOTHOCTH BEPOSTHOCTH (29) M MOMEHTOB
31) u (32) BBIIOJHUM 3aMEHY II€PEMEHHBIX

L, = Z%(xm - iL'o)/A, Tm S T0, (33)
" 22(Tm — T0) /A, Tm > To.

I1-10THOCTH BEPOATHOCTH CJIy4YailHON BEJIMYUHBI [iy, UMEET BH/L
W(u) = \VJ (—u./z%(a:o — X1)/A, 22(X2 — x0)/ A, 1/R) s sl (34)
U (u, 25(X2 — x0) /A, 23 (z0 — X1)/A, R), p>0. |

Kak usBectHo [5], koapduimenT cHoCa XapakTepu3yeT CKOPOCTh U3MEHEHHUs PEryJspHOil COCTaB-
asIoIel ciryvaifHoro mporecca, a Koddduiuent nuddy3nun — MOIIHOCTb CJIydaiHON! cOoCTaBJisd-
romeit. [losToMy MOXKHO cumMTaTh, YTO Ge3pa3MepHble BEJIMYMHBI 2; XapaKTEPHU3YIOT OTHOIIEHWE
curnas/mym. IIpu a; >> by u ag > by, 9T0 paBHOCUIIBHO z; — 00, © = 1;2, BTOpOIl U TpeTHii apry-
veHThl byHKImA (34) cTpeMsTcs K 6eCKOHEYHOCTH. YCTPEMUB K OECKOHEYHOCTU BTOPOI U TPETHit
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aprymenTsl dyskima (30), momydnm
¥(z,00,00,y) = Wa(z,y) = (35)
= 2y +1)®{ — 2y + 1)V]zl/2} exp {y(y + D|z|} — { - V]z[/2} =
= —1+@{/[al/2} + @y + D exp {y(y + Dol }[1 - 2{ 2y + 1) VIs1/2}].
Hcnonb3ys Bbipaxenue (35), 3alumieM aCUMITOTHYECKOE IIPEJICTABIEHHE IIOTHOCTH BEPOSITHOCTH
(34)

W(,LL) _ {Wa (—/1', 1/R)v H < O, (36)

Wa(N,R), u>0.

ITpu y = 1, pacupenenenue (35) IPUHAMAET BHL

Wa(z,1) = 30{ — 3v/]z]/2} exp {2]z|} — ®{ — /|z[/2} =
= 3exp (2l2)) [1 - @{3/[al/2}| + @{v/[al/2} - 1. (37)

CaoiicTBa 9TOM IIJIOTHOCTH BEPOSITHOCTHU MOAPo6HO u3ydenst B (9], [3]. Ciyuaiinble BeuduHbI, OII-
CbIBaeMble IJIOTHOCTBIO (37), HMEIOT HyJleBOe MaTeMaTH4YecKoe Oxujanue u aucrepeuio 13/2. Ko-
9bbUIMEHTH ACUMMETPUH U 9KCLECCA IVIOTHOCTH BEPOSITHOCTH (37) paBHBI COOTBETCTBEHHO HYIIIO
u 1779/169 ~ 10,53.

ITpu y # 1 MaTeMaTU9eCKOe OXKUJAAHUE U BTOPOI HAYA/IbHBIA MOMEHT CJIyYalHON BEJTMUUHBI [l
HaiiéM, ucnosb3yst pacnpezaesenue (36)

R(R+2)—(2R+1) R-1

<Nm> =

(R+1)2  R+1’
( 2>_2R(2R2+6R+5) (5R2+6R+2)
Him/ = (R+1)3

YunreiBast (33), MOXKeM 3alHCaThb MATEMATHYECKOE OXKUIAHUE W CPeJHUIl KBaJIpaT OTKJIOHEHHS
IOJIOXKEHUST MAKCUMYMa Ty, CJLydaifHoOro mporecca y(z) oT ToUKu Zg

Z2R(R+2) — 22(2R+ 1)

)= A
Yo — 23z3(R+1)? ’

(38)

2fR(2R? + 6R + 5) + 25(5R?> + 6R + 2)
2iz5(R+1)3
IIpu R = 1 Beipaxenust (38) — (39) npuobperaror Bu[

(hm) =0, (u2) = 13/2,
(Tm —x0) =0, {(Tm — m0)%) = 13A2%/22222.

{ (o — x0)*) = 9A2%L (39)

Haiingm renepsb DyHKIUIO pacupezesieHus MOMEHTa &' IIepBOrO JOCTHXKEHUsI MPAHULBL h Map-
KOBCKUM cJIydaiiibiM npoueccoM y(z). Ecim nox nmepemenHo#t © noHnMaTs BpeMs, To & — BpeMst
IIEPBOrO JOCTUKEHUs TPAHUIBI pean3anyeil nporecca y(x). OyHKIus paciupeseeHust CrydaiHoit
BesimuuHbL ' 110 onpezesenuto pasua [6], [5]

F(h,X)=P{z' < X} =1— F(h, X), (40)
rue
F(h,X) =P{Xs<up<Xy(ac) & h} (41)
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— BEPOSITHOCTH HEJIOCTHKEHHsI TponeccoM y(z) rpammipsl h Ha wHTepBase [X1,X]. Ucnomssys
SCIIOMOraTeNbHbIH cityvaiinbiit mponece z(z) = h — y(z) MoxeMm ananoruyno (9) 3amucaTs

o0
F(h, X) = P{y(z) > 0, z € [Xy, X]} = / W(z, X) dz, (42)
0
z2e W(z,7) — omHOMEpHAs IIOTHOCTH BEPOSITHOCTH PeaIi3alliii CIy9IaitHoro mpouecca z(x), Hit
pasy He gocTurmmux rpanmn z = 0 u z = co. Qyukuus W (z, ) aBasgercs pemenueM ypaBHEHHsI
DIIK (10) [5], [6]. Haiiném dbynxuuio (41) ormensro mma X < xzo u X > zo. Ipu X <
socnosib3yemcst pemtenueM ypasaerust ®IIK (16), moxcrasisist kKoropoe B dopmyity (42), a 3aTem
42) B (40), HaxXOMUM

2

ex
27Tb1(X—X1) d < 2bl

F(h,X)=1- (X - X1)>

XO/O/W§X1 exp(b (5—z)>x[z £,01(X — X1)]dédz, X < zo.

[locyie Bbrauc/IeHNs WHTErPAIa 0 dz, yuuTsiBast, 9o W (€, X1) = Wy(h—¢), moygaem BoIparkeHne
215 GYHKIMK pacIpesiesieHns] BpeMEHH [IePBOTO JOCTHKEeHHs IpaHuIbl pu X < g

F(h,X):1—7W0(h—§){<1>(VX—X1-|- § )_
0

2 VX —-X;

—exp(—f)‘b(sz_Xl - X§—X1>} d¢.

fIpu X > z¢ Bocmombayemcs pemenuem ypasuernss OIIK (22), noxcrasissa koTopoe B hopMyILy
42), a 3arem (42) B (40), HaxomuM

Fh,X)=1- ! exp (—a—%(mo—Xl)) X
’ 27r\/b1(X0 —Xl)bz(l‘—l’o) 1

[o. ol ol o] 2
@, 22 92 _ 9y _
x///W{Xl exp(bf [bl+b2}§1+b2z 2b2(X xo))x
00

0
xx [€1,&, b1(wo — X1)] X [2, &1, b2(X — m0)] d€d&rdz, X > zo.

ITocne Beraucienns uuTerpana 1o dz, yaursisast, 4ro W (€, X1) = Wy(h—£), nomydaem BhipaskeHne
1715 QYHKIMY pacupeiesleHus BDEMEHH [IEPBOTO JOCTHXKEHUS IpaHuibl npu X >

exp(— al(xo — X1)/2b1)
27Tb1(.’E0 = X1

FhX)=1- /WO h— &) exp (a1(€ — &) /b1) %

0

x (€1, €, b1 (zo — Xl))so(zaz/\/Z, X — x0, 2a261 /bo) dede;.

[Tosry4yennple pe3ynbTaThl MOIYT OBITH UCIOJIB30BAHBI I AHAIN3a AJTOPHTMOB OITHMAJIBHOL
H KBa3HONTHMJIbHON 06pabOTKM PasphIBHBIX CHUI'HAJIOB (3], Korza pemraiomast cTaTucTuka (M eé
npupalieHue) 061a1al0T MAaPKOBCKUME CBOHCTBAMIL.
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