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Abstract—The most plausible algorithm for the detection of a radio signal with unknown amplitude, phase
and the moments of appearance and disappearance is synthesized. A two-channel quasi-optimal detector of
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totic characteristics of the quasi-optimal detector are determined.
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INTRODUCTION

The detection of a radio signal that appears and dis-
appears at unknown moments is an important prob-
lem for radar and sonar technologies, radio communi-
cations, seismology, telemetry, etc. An algorithm of
[1, 2] can be employed in the detection of a signal that
appears and disappears at unknown moments using a
discrete data sample. Several optimal algorithms for
the detection of signals in the absence of the high-fre-
quency carrier were synthesized and the correspond-
ing asymptotic characteristic were determined in [3].
The exact characteristics of the most plausible (MP)
algorithm for the detection of signals with unknown
moments of appearance and disappearance and a pri-
ori unknown amplitudes were determined in [4]. It is
expedient to use the algorithm of [5] for the detection
of signals with unknown moments of appearance and
disappearance and the unknown power.

Several practical applications employ signals with
high-frequency carriers (radio signals) that have
unknown amplitudes and initial phases owing to spe-
cific propagation conditions. In this work, we consider
the algorithm for the detection of a radio signal with
unknown moments of appearance and disappearance,
amplitude, and initial phase.

We consider the problem of the detection of the sig-
nal represented as

af (t)cos(wt —¢), 0, <r<0,,

1
0, t<0,t>0,. M)

S(t, a, (P, 91, 92) = {

Gaussian white noise n(r) with single-sided spectral
density N, is added to the signal. Here, unknown con-

tinuous function f(f) describes the envelope of the
radio signal, a is the amplitude parameter, ¢ € [0,2r] is

the initial phase, and 6, and 6, are the moments of
appearance and disappearance, respectively, that
belong to the a priori intervals:

e1 € [elmin’elmax]s e2 € [62min962max]' (2)

The moment at which the signal appears precedes the
moment of disappearance, so that 0., < 05, At

t € [0 min> Oamax]» function f(7) can be zero only at
null-measure intervals. Function f () is not zero at
moments of appearance 6, and disappearance 6, of
signal (1): £(6,) # 0, i = 1,2 (signal (1) is discontinu-
ous) [6, 7].

The data samples can be represented as

E(1) = v0o5 (1,0, 0, 001,00) + 1 (1), 3)

where a, ¢, 0y,, and 6, are the true amplitude, initial
phase, and the moments of appearance and disappear-
ance, respectively, and v, is the discrete parameter. Two
values of the parameter are possible: y, = 0 if the signal
is absent in the sample and y, = 1 if the sample con-
tains the signal. Using data sample &(r), we must
determine parameter 7.

1. THE MOST PLAUSIBLE ALGORITHM
FOR THE DETECTION

For the synthesis of the detection algorithm, we use
the maximum-likelihood method [6, 8, 9], which
employs the logarithm of the likelihood-ratio func-
tional (LRF) of sample &() (3) and compares the
maximum value of this logarithm with a threshold.
When the maximum value is greater (less) than the
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threshold, we conclude that signal s(7,ay, 9y, 0,60y, ) is
(not) contained in sample &(7) (3).
In the problem under study, the logarithm of LRF

L(y,a,9,6,,6,)

%f flt)cos (ot - g)[&lr) - af(1)cos (ot - ¢)/2]dr

depends on five unknown parameters: amplitude a,
initial phase @, moments of appearance and disap-
pearance 0, and 6,, and discrete parameter y, which
characterizes the presence or absence of the signal in
the experimental sample [6, 8, 9].

The detection problem can be interpreted as the
estimation of discrete parameter y. To solve the detec-
tion problem, we use the generalized MP algorithm
[2, 8] that is based on the comparison of the absolute
maximum logarithm of LRF and threshold 4. In
accordance with the algorithm, estimation v, of
parameter Y, is written as

, L>h
= > L= sup L(a,9,0.,0,), 4
T {o, L<h a,q,,efez (4,9,0,0,), (4
where
L(a,(p,el,e2) = L(y = l,a,(p,el,ez). (5)

Logarithm of LRF (5) can be analytically maxi-
mized with respect to variable ¢. For this purpose, we
substitute signal (1) in expression (5) and represent the
logarithm of LRF as

L(a,9,0,,0,) =aX(0,,0,)cos¢

0,

2 (6)
+aY(0,0,)sino —-2— | £*(¢)dr,
aY(0,,0,)sing 2N06.[f (1)

where we use the notation

X(6,,0,) =Nl j £(1) £ (1) cos(or) dt

2J-§

and disregard the mtegrals of the terms that oscillate at
the doubled frequency. We assume that the derivative
of function (6) with respect to variable ¢ is zero:

dL(a,(P,el,ez)

do
=-aX(0,,0,)singp+aY (6,,0,)cose =0.

This likelihood equation is solved to find parameter @:

6,)/X(6,,6,)).

Y(6,,0,) = )sin(w?)dt

¢ = arctan(Y (6,
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Substituting this solution in expression (6), we
obtain

L(a,6,,6,)= supL(a,(p,el,Gz)

)

= X% (0,0,) + ¥*(0,,0,) ZNI
0

Then, logarithm of LRF (7) is maximized with
respect to the amplitude. We assume that the derivative
of function (7) with respect to variable a is zero

dL(a’ el’ 62)
da

6,
= \/)(2(61,92) +7°(8,,6,) _Nioej'fz (t)dt =

and solve this likelihood equation to obtain amplitude a:
_ Nl (0,0,)+ Y7(0,0)

_[f (¢r)dt

®)

Substituting solution (8) for a priori unknown ampli-
tude a in expression (7), we obtain

L(el,ez) = Sup L(a, 61,62)

:NO(X2(91, )+Y (6,6 2)) ©

2jf (f)dt

1

Decision statistics L in expression (4) is written as

L = SupL(el,ez).
01,6,

Using expression (9), we can construct the struc-
ture of the receiver. Function (9) cannot be repre-
sented as a continuous function of moments 0, and 0,.
Thus, the receiver must generate samples
L,, = L(0,,,0,,) = L(mA8,,gAB,) of random field (9)
for each discrete value of the moments of appearance
mAB, and disappearance gAf6, and determine the
absolute maximum. Here, A, and A6, are sampling
steps for the moments of appearance and disappear-
ance, respectively (m =1,2,...,n, and g=12,...,m,).
The accuracy for expression (9) increases with a
decrease in steps AO, and AB, and an increase in num-
ber of channels n; and n, of the receiver. Therefore, an
increase in the number of channels leads to an increase
in the accuracy with which the multichannel detector
implements the MP algorithm for the detection. The
formation of a 2D random field causes difficulties in
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the technical implementation of the receiver, since a
multichannel (#, x n,) structure must be used.

Figure 1 presents the block diagram of one channel
of the MP detector that generates logarithm of
LRF (9) for fixed moments of appearance mA6, and
disappearance gAB, (I are integrators that work at
time interval [mA®,,gAf,]). Using a set of values
L(mA®,,gAb,) that are formed by n, x n, channels
(Fig. 1), we find the maximum value and compare it

with threshold 4. When the maximum value is greater
(less) than the threshold, we conclude that sample

c’;(t) (3) contains (does not contain) desired signal
S(t, a, (PO’GOI’ e02)'
The analysis of the characteristics of the MP algo-

rithm is a time-consuming problem, and the multi-
channel character of the receiver leads to the problems

in the practical implementation, since n, x n, channels
are needed (Fig. 1 shows the structure of one channel).

2. QUASI-OPTIMAL
DETECTION ALGORITHM

It is expedient to employ a quasi-optimal (QO)
detection algorithm owing to the complexity of the

analysis and implementation of the MP algorithm.
The logarithm of the LRF is represented as

L(a’(p’elan) = Ll (a,q)’el) + LZ (aa(p’ 62)9
where

_2a
Ll (a’(p’el) - NO
0 (10)
x [ f(r)cos(er - 0)[&r) - af(r)cos(wt — 9)/2]ar,
0
L(ag.0) = 2
0 (11)

x If(t) cos(wr — @)[4) — af(r) cos(wr — 9)/2]d1,

and 0 € (0, ., 02 min ). TO Obtain an expression that is
similar to expression (9), we analytically maximize
functions (10) and (11) with respect to the initial phase
and amplitude. Thus, we have

Ny (X12 (6,)+ 1’ (91))

L, (8,) =sup L (a,9,6,) = 5 ,(12)
! 2[ 7 (tyar
0
No(X;(0,)+ Y, (8
sz (92)=supL(a,(p,62) _ o( 295 2)+ 2 ( 2)),(13)
. 2If2(t)dt
0
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Fig. 1. Block diagram of one channel for the MP detector
of radio signal.

where we use the notation

X,(0)) = Nloej E(t) £ (¢) cos(of) d,
| (14)

Y, (6,) = Nlo Je() £ (®ysin(wr)a,

X, (0,) = Nio jg(t) 7 (1) cos(wr)dr,
0 (15)

v,(6,) :N% [e@) 7 (0)sin(or)dr.

In the QO algorithm for the detection of signal
s(,a9,99,041,0,), we compare threshold #and sum L,
of the absolute maxima of processes L, (6,) and

L2aqn (62)

L, =sup L,y (8,) +sup Ly, (6,) (16)

rather than absolute maximum L (4) of the sum of pro-
cesses L, (a,¢,0,) and L, (a,¢,0,).

Using QO estimation vy, of discrete parameter y, we
represent the detection algorithm as

I, L,>h,
Yq =

17
0, L, <h a7

Expressions (16) and (17) show that the QO detection
algorithm can be implemented as a two-channel
device.

Figure 2 shows the block diagram of the device that
implements QO detection algorithm (17) with the aid
of expressions (12)—(16). Here, I1 and 12 are the inte-

grators that work at time intervals [0,,,,0] and
[6,0,ma |, respectively; DL is the delay line for delay

time 6 —06,,,,,; PD1 and PD2 are the peak detectors
that measure the absolute maxima of signals at time
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Fig. 2. Block diagram of the QO detector of radio signal.

intervals [0,20 — 6, ,;,] and [6,0,,,, ], respectively; DU
is the decision unit that compares the input signal and
threshold /4 and generates the decision on the presence
(v, =1) or absence (y, = 0) of the desired signal. Thus,
QO detection algorithm (17) makes it possible to sub-
stantially simplify the technical implementation of the
detector. Indeed, the two-channel system (Fig. 2) is
sufficient for the implementation of the proposed

detection algorithm whereas n, x n, channels (Fig. 1)

_ [YoGi (901‘, ei) cosQy + N, (ei)]2 + [YoGi (eon ei) sin@, + N (ei)]2

are needed for the implementation of the MP detec-
tion algorithm.

3. PROPERTIES OF DECISION STATISTICS

We study random processes (12) and (13) that are
formed by the QO detection algorithm. Substituting
experimental sample (3) in expressions (14) and (15)
and expressions (14) and (15) in formulas (12) and
(13), respectively, we obtain

(18)

Lia(p (el)

where

Gi (eol',ei) = (_l)lq(e, min(eol,el)), i = 1;2.

For the signal with moments of appearance x and dis-
appearance y, noise components N, (6;) and N (6,)
in expression (18) and the signal-to-noise ratio (SNR)
of the output signal of the MP detector are given by

0;

N, (6)) = (-1)"27“2 (1) (1) cos () ar,

0

(19)
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2(-1)'¢(0.6,)

b

N (e,) = (—l)i% jl’l(l‘)f(l)sil’l(())t)dl, (20)

2 y
q(x,y) =]"v—00jf2(z)dt. 21)

Noise components N, (0;) and N, (6,) represent
Gaussian functions, since they result from linear
transformations of the Gaussian random process.
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These components exhibit zero mean values and cor-
relation functions

<Nic (eil)Nic (eiZ»
= <Nis (eil)Nis (ei2)> = (_1)i Q(ea min(eiheiZ))a
<]vic(eil)Nis(ei2)> = 0’ i = 172

Expression (19) shows that processes N (6,) and

N, (6,) contain integrals of the white noise over non-
overlapped intervals and, hence, the processes are sta-
tistically independent. Similarly, random processes

Ny (6,) and N, (0,) are statistically independent (20).
Function f(¢) may be zero only at a part of interval
[01min»O2max]- Thus, ¢(6,,0) is a monotonically

Liaw (

k-) _ YOGZ (7“01‘,7%) + 2YOG(7\‘Oia}\'i)Nil (7%) + Nii (7%) + Né (7%)

379

decreasing function of argument 6,, ¢(6,6,) is a
monotonically increasing function of argument 6,,

and the following equalities are satisfied: ¢(x,0) =
_Q(ea x),

g[max(x,y),0] = min[q(x,0),4(y,0)],
¢[6,min(x,y)] = min[q(6,x),¢(6,y)].

In expression (18), we introduce variables A, =
(—1)[4(9,9,'), Ai € [AjminsNimax)s Aimin = Q(elmax’e),
At max = 4(01mins 0)s Az min = 9(0,0301n), and Aj gy =
q(6,0,y), [ = 1;2. Then, the following expression is

valid for random processes (18) as functions of vari-
ables A;:

where
G (7\’01"}\4) = min (7\‘01"7\'1') 5

and functions N, (%;),

and

Nis ()\'1)
Niy(X;) = Ni(h;)cos@q+ Ny (X;)sing,y, i=1;2

are the Gaussian random processes with zero mean
values and correlation functions

(N ) Nie (ki) = (N (M) Nig (M)
= (Ny (Aa) Ny (X)) = min (X, hy5).

4. FALSE-ALARM PROBABILITY

We consider the characteristics of the QO detection
algorithm. The main characteristics of the detection
quality are the probabilities of the first-kind (false
alarm) and second-kind (signal omission) errors [8].

The probability of the false alarm is given by (17)
= P[Lq > h|yo = 0] =1-P(h),

where Py (4) is the distribution function of quantity L,
(16), which is the sum of absolute maxima of processes
Li,,(8)) (12) and L,,, (8,) (13) in the absence of signal
in sample &(7) (3) (y, = 0). Thus, we have

Py(h) = P[L, < hly, = 0]
= P[Sup Llo(el) + SupL20 (92) < h]’

where L(0,) = Li(6:[vo =0), i =1;2. Hence, we
need the distribution function of the absolute maxima

(24)
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, 22
o (22)
Fy (”) = P[SUPLio (ei) <U0; iy £0; < eimax]
)\'Oi — (_l)i q(e’ew)’ = P[SUDLiO (7“:) < uaAimin < 7‘1‘ < Aimax]
of random processes
2 2
LI.O(}\‘[.) _ NiC()\‘i)2; Nis (7\4), l — 1’2 (25)

to determine the probability of the false alarm for the
QO detector.

First, we consider random process L,,(A,) using
the notation

Nac (L2) Ny (12)
X . 7\‘ — 2c 2 , X s 7\‘ — T \M2) (26)
2 ( 2) \/}; 2 ( 2) \/7\:
and represent expression (25) at i =2 as
Lo (o) = [ X3 (ha) + X3 (1) )2 (27)

Independent random processes (26) are Gaussian
processes with zero mean values, unity variances, and
correlation coefficients

(X (21)Xae (1))
= <X2_v (7b2 1)X2s (7“22» = mln— (M
7\‘21?\'22

In expressions (26) and (27), we use the change of
variables: m, = In(A,/Aypn), m, €[0,/m,], m, =
In(Asmax/ Aamin)» @and Ay = A, i exp(m;). In this case,
random processes X, (A,) and X, (X,) as functions of
variable m, have correlation functions

(Xae (M) Xoe (M) = (X (1) X o5 (1123))
_ min (exp(m,,),exp(my,)) — expllm. —m ‘
exp((my, + my,)/2) Pl = /2]
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Therefore, random processes X,, (m,) and X, (m,) are
statistically independent stationary Gaussian Markovian
processes [10]. Then, random process (27) as a function

of variable 7, has the mean value (L, (m,)) = 1, correla-
tion function K(m,,m,,) = exp(—|m,, —m,|), and
1D probability density W, (x) = exp(—x). The results
of [8] show that process L,, (11,) represents a Markovian
process with the drift and diffusion coefficients
k, =1-L,, and k, = 2L,,, respectively. An approxi-
mate expression for the distribution of the absolute

maximum of random process Ly, (m,) is written as
(p. 851in [8]):

P{sup Ly, (m,) < x} = exp[—r,xexp(—x)| H (x —1),
where

1, x>0,
H(x)z{o x<0

is the Heaviside function. Using variable A,, we obtain
the following expression for relatively high threshold A
and ratio A /Ay min:

Fyy (h) = P{sup Ly () < h}

—hexp(—h)
()™ o

A similar procedure for random process Ljy(A,)
yields an approximate expression for the distribution
function of the absolute maximum that is valid for rel-

atively high threshold 4 and ratio A, /A min:

(28)

Fio(h) = P{sup Ly (X)) < h}

—hexp(—h)
. (Al—mj H(h-1).

For distribution function P (h) (expression (24))
of the sum of independent random quantities
sup Ly (1) and sup L,,(X,) with distribution func-
tions Fy(h) and Fy (k) (expressions (29) and (28),
respectively), we have

(29)

PRy (h)

= IF20 (h—x)dF,(x) = IEO (h—x)dFy (x).
Substituting distribution functions (28) and (29) in
formula (30), we obtain the probability with which the
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sum of independent random quantities sup L, (%)
and sup L,, (X,) does not reach the threshold:

Py(h)=H(h-2) [exp(—nﬁl exp(—1)

h-1

— iy (h=1)exp(h=1)+ 7, [ (x—1)

1

x exp[—, (h — x)exp(h — x) — mxexp(—x) — x]dx |.
Then, probability of the false alarm (23) is written as

a=1-H(h- 2)[6:xp(—r711 exp(—1)

h—1

— (sl — exp(h — 1)) + iy I(x 1)

1

(€29)

x exp[—iy(h — x)exp(h — x) — iyx exp(—x) — x]dx |.

This formula is an approximate formula the accuracy
of which increases with increasing threshold 4 and

parameters ;= In(Ajpe/Aimn) and @, =
ln (A2max/A2min) .

5. PROBABILITY OF SIGNAL OMISSION

Expression (17) shows that the probability of signal
omission is given by
3(9019902) = P[Yq = O|Y0 = 1]
= P[Lq < h|y0 = 1] = P (h),
where P, (h) is the distribution function of quantity L,
(16), which is the sum of the absolute maxima of pro-
cesses Ly,,(6,) (12) and L,,,(8,) (13) in the presence
of the signal in sample &(7) (3) (y, = 1):

(32)

P (h) = P[L, < hly, =1]
= P[sup L;;(6,) +sup L,,(0,) < A].
Here, we have L, (6,) = L, (0,|yo =1), i = ;2. In the

presence of the signal in the experimental sample
(yo = 1), expression (22) yields

(33)

.2
min” (Ay,A;
L, (7%) - #
+ min(}\'Oi’Q\'i)Nli (X)) + Nizc (7\[) + Nzi (7%‘)
A 2, '

i i
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In this expression, we use variables /; = A;/A;,
li € [Aimin/zgi ’Aimax/zgi:|’ i = 192 and obtain

.2
Ll
Ly () = Zé"%()
2 (34)
min(LL) Ny (L) NZ(L)+ N2 (1)
Coi / ! 2 '

1 1

2

Quantity z2, = ko, = ]"V—O f f2(¢)dt is the SNR for the
0 01

radio signal with amplitude a, and moments of

appearance 0, and disappearance 6. Quantity

2
o =hgy = ;—0 fozf2 ()dr is the SNR for the radio
0

signal with amplitude a, and moments of appearance
0 and disappearance 0,. For the received signal, the
SNR is written as

(35)

2 602
2 2 2 a 2
20 =201 +32p == If (l‘)dl‘.
01

At relatively high SNRs zg, > 1and g5, > 1, the last
term in expression (34) can be disregarded and the fol-
lowing approximate expression is valid in terms of
variables A
min® (Ag; ;) . min (A, A;)

2); A
i=12.
These functions represent Gaussian random processes
with mean values

L, (7“1') ~

Nli (;\‘i)s (36)

.2
min~ (Ag;,A;)
S, (A;)=——Y 37
11( 1) 27\’! ( )
and correlation functions
min (A, Ay )min(A,,Ay) .
K, (7“[1,7%2) = ( 1 0) ( 2 O)mln(lilaKiZ)'

Atk
The correlation functions of random processes L (A;)
(36) are represented as

R, (}\‘ila 7‘1’2) = min (7%1: 7“:‘2)/ ik
and satisfy the condition [10, 11]
Ry (%) =Ry (x,t) Ry (t,y), x>1t>y.

Hence, random processes L; (A;) are Markovian ran-
dom processes with the drift and diffusion coefficients
given by

1
kli (7‘[) 25

s (1) :{

L A; <Ag,
{—xé,»/x?, D 2 Ay,
L A; <Ag
/AL N 2 g

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS Vol. 60

381

At relatively high SNR, the greatest maxima of deci-
sion statistics (36) are located in small neighborhoods of
the maxima of their mean values [7]. Mean values (37)

reach maximum levels at A; = A;. We introduce quanti-
ties €; = (A; —Ay)/Ay;, the absolute values of which

decrease with an increase in SNR zg (35), and represent
the drift and diffusion coefficients as

{la 7\'i < }\‘Oia

|
k() =21
u() —(1+8)7, &=k,

2
13 }\‘i < 7\'01'7
(1+&)7, A = Ao

ki (7\':') Z{

For zg — oo, we have g; — 0 in mean square, so that
random processes L; (1) (36) at relatively high SNRs
can be approximated in the vicinity of points A; = A,
using Gaussian Markovian processes 1, (A;), i =1;2,
with the drift and diffusion coefficients

1 {1’ ri < Xops

b =31 A = Ao,

We use this approximation at the entire interval of the
possible values of parameter A; € [A;min, Ajmax]- With
allowance for formula (33), we derive the following
expressions for omission probability (32) of QO detec-
tion algorithm (17):

3(7“0177\'02) = P[SUPHH (7\-1) + Sup Ly (}\'2) < h]

ky (L) =1. (38)

¥ (39)
= _[le (h—x)dF, (x).

Here,

Fy(u) = P[suppy (&) < thy Ajmin S < Ajpae]  (40)
is the distribution function of the absolute maxima of
Gaussian Markovian processes p,; (A;) with drift
ky; (1;) and diffusion k,; (1) coefficients (38).

First, we determine distribution function £, (¢). In

accordance with definition (40), this distribution
function is equal to the probability with which random

process W, (A,) does not reach threshold u at
A €[ArminsArmax]- To find function £ (u), we
employ the method of [7, 12, 13] and introduce auxil-
iary random process y(A,) = u — 1, (X,), which is the
Gaussian Markovian process with the drift and diffu-
sion coefficients

k (7\‘ )_1_15 7\‘2<7\'023
| B -3 (41)
k22(7\¢2) = 1

Then, distribution function (40) at i = 2
Fy(u) = P{y(hy) > 0,5 € [Agmins Ao max ]}
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is the probability with which Markovian random pro-
cess y(A,) does not reach boundaries y = 0 and
y =+ at interval Ay €[Ajpmin Aymax]. The desired
probability is represented as [10]

For(u) = [W (7, Az . 42)

0

Here, W (y,A,) is the solution to the Fokker—Planck—
Kolmogorov equation [7, 10]

oW (A
%-}-ai[klzw(yﬂ}\ﬂ)]
282 y (43)
1
— Ea—yz[kﬂw(y,}\?)] =0

under the boundary conditions W(y=02,) =

W (y = o,A,) = 0 and the initial condition
W2 n,,
2
— 1 exp _(y_u+A2min/2) ]
\/275A2min 2A5 min

Using the method of reflection with sign changing
[10], we use the approach of [4] to find the solutions to
Eq. (43) with coefficients (41):

_exp[—y/2—(hy = Ayin)/8]
W (yh,) = 20 A (s — Asin)
« Iexp|:_(§_“2"/'\/\2mm/2) +%~:|
0 2min

(y-¢) (y+8)°
" {exp{_z(xz - Azmin)} } exp[_z(xz Ao J}da

and
exp[y/2 = (s = Aymin)/8]
27‘5\/(7\-2 - 7‘02)(7\'02 - A2mm)
OOO] (a u+A2mm/2) /2A2mm +E.:/2 é :I
oo \/2nA2min (44)

(& -¢)’ (& +8)
" {exp {_2(7”02 - Azmm)} o [_2(%2 = A )}
(y-¢&) (y+&)’
X {exp{ 20— ij exp {——2 (- km)}}d&dg
at A, > A,

W(J’Jz) =
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Substituting solution (44) at A, = A, in formula (42),
we represent the expression for function £, () as

Fo () = exp[—(Lor = Aymin)/8]

2“\/1\2 min (}\‘02 - A2 min)
x .[J.exp|:_(§_u+A2min/2) +é 1:|
b 203 min 2 (45)
X _ﬁ — _ (al + a)z
{eXp[ 2(hgs - Azmin):| exl{ 20y — Ame)}}
X (p(lsAZmax - 7\'02’§l)d&adéls

/2"‘)’3/)/1 )
/2 J’3/y1 )

£*/2)dt [\or

where
(P(ylaJ’2sJ/3) = (
—exp(— (

X

D (x) = J.exp

is the probability intégral.
A similar procedure for random process i, (A,)

yields an approximate expression for the distribution
function of its absolute maximum:

eXP[_O‘«m - Almin)/g]

F,(u)=
11( ) 2Tr'\//\lmin (}\'01 _Almin)
00 00 2
y I exp _(E_,—U+A1min/2) +§—§1
2l\lmin 2

00

ool (E-8)
{exp|: 2(}\‘01_A1min):| (46)

(& + &)2
B exp{_z(km - A]min):|}

x (p(lvAlmax - 7‘01=§1)d§d§1-
Substituting functions (45) and (46) in formula (39),
we derive an asymptotically exact expression for the
omission probability:

B(emzeoz) = CXP( By ¥ 3 p'l)

00 00 00 0

J‘J‘_”. E_:l +&; :;:me/z)

0000

+§1 -5 +8-&,

> X(ilaizaoaul)X(ab‘:mOs MZ) (47)

x (P(l Vlafﬂ) (1 V2,§4)
&l + &3 h + me/z dé dé2d§3dé4

27.[me V 27[“]”‘2
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Here, we use the notation

V) = q(602’62max)5
My = q(62min5602)9

Vi = q(01min» 001),
ul = q(GOIvelmax)n

Z1%nin = Q(elmaxs e2min)9

XV Y25 Y35 V4)

_ exp(—(yl — ) +)’3)2] —exp[—(yl ) +y3)2}

2y, 2y,

The above asymptotically exact (with an increase in
the SNR) expression (47) for the omission probability
of the radio signal with unknown moments of appear-
ance and disappearance, amplitude, and phase coin-
cides with the exact formula for the omission probabil-
ity of a quasi-deterministic signal with unknown
moments of appearance and disappearance and the
apriori known amplitude [4] and the asymptotic
expression for the omission probability of a quasi-
deterministic signal with the unknown amplitude [5].

By way of example, we consider the detection of a
rectangular pulse with the skewed upper part of the
envelope [14]. We choose a priori intervals (2) of the
possible moments of appearance and disappearance in
such a way that parameters 0,,,, and 0, are fixed
and the maximum duration of the signal T, =
05max — Oimin remains unchanged. We assume that
points 0,,,,, and 6, ,..,. are symmetric relative to center
0 of the interval [0} ,i0,02max ] 0 = (01 min + O2max)/2-
Parameters 0, ,,,,, and 0,,,,, may exhibit simultaneous
variations with a variation in ratio k = T,,./Thin »
where T = 05 min — 01 max 1S the minimum duration of
the signal. The dynamic range of variation in the signal
duration that is characterized by parameter k is [1, o).
When k = 1, the a priori intervals shrink to a point, so
that the signal is detected at the known moments of
appearance and disappearance. The duration of such a
signal is 7,,,.. The normalized lengths of the a priori
intervals are

_ eimax _eimin _ k_l
=Ty 2%

max

i=1;2.

The shape of the skewed upper part of the pulse is
described using the following function:

1-dt-0|1+d [ 3
N=[1+2 . 48
/() { 1+dTmaj 2 Nd* +d+1 @

where parameter d = (0, i)/ (01may) Characterizes
the slope of the skewed peak. Factor (1+d) x

[3/(0’2 +d+ 1)]1/2/2 is introduced in such a way that
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1072

1073
2 4 6 8 10 12 h

Fig. 3. Plots of the false-alarm probability of the QO detec-
tion algorithm vs. threshold for several a priori intervals of
the moments of appearance and disappearance.

the energy of the normalized signal with the maximum
duration

eZmalx

2 2 2
E=a j F(0)dt = alTp,

01 min

is independent of the slope of the pulse peak. Thus, we
can compare the efficiencies of the signal detection for
different slopes and identical energies. We calculate
function (21) for signal shape (48)

B+ Grb(E-g)+h (8 +8)/3
4(6:.6:) =<, 1+6%/12

b

where b =2(1-d)/(1+4d),

27 = 6T/ Ny (49)
is the SNR of the output signal of the MP receiver for
the rectangular pulse with the duration 7,,,,, and §, =
(0—0,)/T . and &, = (6, —0)/T,,, are the normal-
ized moments of the appearance and disappearance.

We assume that the true values of the moments of
appearance 0,, and disappearance 0,, are located at
the centers of the a priori intervals, so that 6, =
(eimax + 6imin)/z’ i=12.

Figures 3 and 4 show the dependences of false-
alarm probability (31) on threshold /4 for QO algo-
rithm (17) of the detection of the rectangular radio sig-
nal with the skewed upper part of the envelope. The
curves in Fig. 3 are plotted for the radio pulse with the
rectangular envelope (d = 1) and several dynamic
ranges of the signal duration (parameter k). The solid,
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1072

1073

2 4 6 8 10 12 h

Fig. 4. Plots of the false-alarm probability of the QO detec-
tion algorithm vs. threshold for several slopes of the pulse
envelope.

dashed, dashed-and dotted, and dotted lines corre-
spondto k= 2,4, 10, and 100, respectively. The curves
in Fig. 4 are plotted for k£ = 4 and several slopes of the
pulse peak. The solid, dashed, and dashed-and dotted

lines correspond tod =1, 10", and 100!, respectively.
The analysis of Figs. 3 and 4 shows that an increase in
the lengths of the a priori intervals of the possible

1073

Fig. 5. Plots of the omission probability vs. SNR for a fixed
false-alarm probability of 10~ “ and several dynamic ranges
of the signal duration.
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moments of appearance and disappearance leads to an
increase in the false-alarm probability. The deviations
of the shape of the radio-pulse envelope from the rect-
angular shape cause a decrease in the false-alarm
probability.

Figures 5 and 6 present the dependences of omis-
sion probability (47) on SNR z, (49) for the QO algo-
rithm (17) of the detection of the radio pulse with the
skewed upper part of the envelope for the false-alarm

probability o = 107 The curves in Fig. 5 are plotted
for the radio pulse with the rectangular envelope (d = 1)
and several dynamic ranges of the signal duration (k).
The solid, dashed, and dashed-and dotted lines corre-
spond to k = 2, 4, and 10, respectively. The curves in
Fig. 6 are plotted for kK = 4 and several slopes of the
upper part of the radio-pulse envelope. The solid,
dashed, and dashed-and-dotted lines correspond to
d= 1, 10*!, and 100*!, respectively. The analysis of
Figs. 5 and 6 shows that an increase in the dynamic
range of variations in the signal duration (parameter k)
and the deviations of the envelope shape from the rect-
angular shape lead to a decrease in the detection effi-
ciency.

Omission probability (47) is invariant with respect
to the absence of the a priori data on the amplitude and
phase of the signal. Thus, the effect of the a priori
absence of information on the initial phase of the radio
signal on the detection efficiency can be quantitatively
characterized using the quantity

C=a(h)/p,

(50)

Fig. 6. Plots of the omission probability vs. SNR for a fixed
false-alarm probability of 107~ and several slopes of the
pulse envelope.
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10-3 1072

Fig. 7. Plots of the loss in the probability of the false alarm
for the QO detection algorithm owing to the absence of
information on the initial phase of the signal.

where /1, is the threshold that is found from the solu-
tion to the equation a., (,) = p and

o, (h)=1-H(h-1)

e S PN

w2y —1 [ -
+ = ———¢eXp| —m,,[—eX -h
- | 5, o o exp(y —h)

- nﬁl\/;)—; exp(-y) - y} dy

is the formula of [5] for the false-alarm probability of
the QO algorithm for the detection of the signal with
the unknown amplitude and the moments of appear-
ance and disappearance and the a priori known initial
phase. Quantity { (50) characterizes an increase in the
false-alarm probability of the QO detection algorithm
related to the a priori absence of information on the
initial phase of the signal at a constant omission prob-
ability. Figure 7 presents the dependence of parameter
(50) on p for the radio pulse with the rectangular enve-
lope (d = 1) and several dynamic ranges of the signal
duration. The solid, dashed, dashed-and dotted, and
dotted lines correspond to k = 2, 4, 10, and 100,
respectively. It is seen that a relative increase in the
false-alarm probability owing to the absence of the a
priori information on initial phase of the radio signal
increases with a decrease in the needed level of the
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false alarm and an increase in the a priori intervals of
the moments of appearance and disappearance.

CONCLUSIONS

The application of the QO detection algorithm in
accordance with which the decision statistics is repre-
sented as a sum of two independent terms and each
term is maximized with respect to the amplitude and
phase makes it possible to propose a two-channel
scheme of the detector and analyze the detection algo-
rithm. The analysis of the characteristics of the pro-
posed QO detection algorithm shows that an increase
in the relative lengths of the a priori intervals of the
possible moments of appearance and disappearance
substantially contributes to a decrease in the efficiency
of the QO detection algorithm. A decrease in the
allowed level of the false alarm leads to an increase in
the relative loss of the efficiency of the QO detection
algorithm owing to the a priori absence of information
on the initial phase of the signal.
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