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Abstract

We are considering a problem of the measurement of the dispersion of the random
pulse signal with unknown time of arrival against the white noise and the
correlated Gaussian interference. By applying a maximum likelihood method, we
synthesize quasi-optimal, quasi-likelihood and adaptive estimation algorithms.
We also find out the theoretical and experimental dependences for the
characteristics of the obtained dispersion estimates that are then used in the study
of the efficiency of the introduced algorithms and in the further investigation revea-
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ling the loss in estimation accuracy, due to the absence of the prior information on
intensity of operational interferences. We are to show that, with the adaptation in
terms of intensity of the correlated interference, it is possible to obtain the
dispersion estimate independent from the intensity of white noise, and its
characteristics coincide asymptotically with the corresponding characteristics of
the dispersion estimate, obtained under the a priori known intensities of
interference and white noise.

Keywords: random Gaussian pulse, band interference, maximum likelihood
method, parametrical prior uncertainty, adaptive estimate, dispersion measurer,
local Markov approximation method

1 Introduction

The problem of estimation of the dispersion of the stationary random
processes is considered in a number of researches [1-3, etc.]. At the same time, in
many applications of statistical radio engineering and radio physics it is necessary
to estimate the dispersion of the essentially non-stationary random pulses against
hindrances.

In the study [4] the way of hardware implementation is suggested and the
efficiency is tested of the maximum likelihood measurer of the dispersion of the
random pulse signal with unknown time of arrival against Gaussian white noise.
However, besides the effect of the receiver noise (approximated by Gaussian
white noise), the useful signal is often rather distorted by the additive external
disturbance with a generally unknown intensity. As examples of such disturbances,
there can be considered an external unintentional (interburst) interference passed
through the input receiver filter (preselector) [3], or a barrage jamming [5, 6].

2 The Problem Definition

As opposed to [4], we assume that the realization of the random process

X(t) = s(t, Ao, Dg )+ nl(t)+ v(t). 1)
is observed over the interval [T;,T,]. Here s(t,Aq,Dy) is the random Gaussian
pulse
1, [x<y2,
0, [x=1/2,
representing the segment of the realization of stationary centered Gaussian
random process &(t) with dispersion Dy, time of arrival A, and duration .
We now write down the process &(t) spectral density (SD) in the form of [4, 7]

G () = (7D / Q0 ){ 1[(9— )/ Q0 |+ 1[(8+ )/ ] },

where § is the band center, and Q is the bandwidth of the process &(t). As in

)

T

s(t,Ag, D) =E&(t) I(t_ko} I(x)={
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[4], we approximate an additive interference n(t) by Gaussian white noise with
one-sided SD Ng. As model of the external interference v(t), we choose
stationary centered Gaussian random process possessing the SD [5-7]
G, (@)=(ro/2){ 1[(9-w)/]+1[(+wo)/x]}. ©)
In Eq. (3) @ and vy, are bandwidth and SD magnitude (intensity) of the
process v(t), correspondently. We assume that Q; >Q,, and the processes s(t),
n(t) and v(t) are statistically independent. Besides, we suppose that the radio
pulse (2) duration t is much greater than the correlation time of the process g(t),
i.e. the following condition is satisfied:
u=1Qq/2n>>1. 4)
With observable realization (1), it is necessary to estimate the dispersion D,
of the random process &(t). Time of arrival A, of the radio pulse (2) and
intensity vy, of the interference v(t) can be generally unknown and possess the
values within prior intervals Ay €[A;,A5], vo€[0,0). And the values T, and
T, aresuchthat Ty <A;—1t/2<A,+1/2<T,, i.e. the signal (2) with any Ly is
always within the observation interval.

3 Quasi-Optimal Estimate of the Dispersion

To estimate the dispersion D, there can be used the measurer considered in
[4]. In this case we get the following estimate
Dy, = max[0, M (4, )/T—Ey . (5)
Here Ep =NgQo/2n is the average power of the noise n(t) within bandwidth
of the process &(t), A, is the estimate of the time of arrival A, of the radio
pulse (2):

A =argsupM(X), Ae[Ag,A,], (6)
and the function M (1) is defined by the expression
A+1/2
M(A)= [ y5t)dt, ()
r—1/2

where yo(t)z_ﬁO X(t")hg(t —t’)dt" is the output signal of the filter, its transfer

function Hy(w) satisfying the condition

2
[Ho(@)™ =1[(9 )/ [+ 1[(9+ @)/ ].

Let us determine the characteristics of the estimate (5). Introducing the
dimensionless parameter |=2/t, we present the functional M(k) in the form of

the sum [8] of the signal S(1) and noise N(I) functions
M(1)=s(1)+N(). (8)
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Here S(1)=(M(l)), N(I)=M(1)-(M(1)), and averaging is carried out over all
the realizations of the observable data x(t) (1), the unknown parameters Lo, v
and D, having the fixed values. According to Eqg. (7), the signal function has a
form:

S(1)= Amax (0,1 —1,|)+C, 9)
where A=1Dg, lg=Xiq/t, C :r(EN +Ey), and E, =y0Qq/2n isthe average
power of the external interference v(t) within bandwidth of the process &(t).

As follows from Egs. (7) and (8), (N(1))=0 and under [I; —lo|<1, i=12
we get

1-{l, == gminil, =15|,Il, =15]), (I; =15 kI, =15)>0,
<N(I1)N(I2)>=c§{ |1 2| g '01 o||2 o|) (I —1o )12 —1o) (10)
1-[l =1y, (I, ~1o )12 ~19)<0,
o2 :[TEN(1+QV+QO)]2 g:%(2+qv +0g) q _E qoz&.
u @+q,+9)f  Ewn En

If max(l, —lo||I, —1o[)>1, then

(N(N(, ) =0F max (01—l —15)),  of =[En@+a, )P /u.  (11)
Using Egs. (9)-(11) and referring to the results in the researches [8, 9], it is
possible to obtain the approximate expression for the distribution function Fj (x)

of the random variable U =[M(A,)-C]/os
Fu (x)=Fs (x)Fy (xos /oy )= Fs ()Fy [XA+ay +a0)/@+a, )], (12)
Fs(x)=d(x—2)-2exp [w222/2+wz(z - x)]db[x— 2(y+1))+
+ exp [2\|1222 +2yz(z- x)](l)[x— 2(2y +1)),
o <x):{ ol (my/vax)ow(-2/2)], x>1,
0, x<1,
where

,2 _ M5 _ 2 201+, +qo)° meA2—M
(1+qv+q0)2 2—g (1+qv)2+(1+qv+q0)2 T
and d)(x)zjlx exp(—tz/Z)dt/\/ﬂ is the probability integral.
According to [8, 9], the formulas (12) are valid while the conditions pu>>1

(4), z>>1, m>>1 are satisfied, and their accuracy increases with p, z, m. If
m<1 (order of unitor less) and p>>1 (z>>1),then

R (0= Fs (). a3

The distribution function Fy(x\Dg)=P[D, <x| of the estimate Dy, is
linked to the function F,(x) by following relations
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Fin ()= Ry [2(x/Dg — a1, /00 )], (14)

if x>0,and Fy,(x)=0,if x<0.
Taking into account Eq. (14), we get the expressions for bias (systematic error)
b(f)m‘Do): <I5m — Do> and variance (error mean square)

V(f)m‘DO): <(I5m - Dy )2> of the estimate D,,, (5)

b(ﬁm‘Do): T[l— Fn(X|Do) Jdx— Dy, V(ﬁm‘DO): 2T(x— Do)[1- F (Do ) Jox+ DZ.

(15)
We can analytically integrate Eq. (15) in case when m<1 only. Using
approximation (13) for the function F; (x) for the characteristics of the estimate

D,, (5)we obtain

2

3 q 3 q 1 q
b\Dy|Dg )= Dg4| 1+ -+ Dl 7|1+ expl——| 1+ | |+
6.Jos o{[ G S ol o] 2

+iexp 174 (W 1]l 2 (W+1+qu

yz? 2 Qo Qo
- lzexp{zwz (w+1+qu 1—@( [2\p+1+qVD 1},
2yz o ) | do

(16)

—(1—i2 izexp w22(£+1+q—vj 1-d| z (\u+l+ qvj +
yz°© Jyz 2 Qo /]| Qo /)|
+ 1—%]iexp 2y [\v+1+ qV] 1-d| z [2w+1+ qu .
2yz° ) yz Qo /| do

The accuracy of the formulas (12), (14), (15) increases with p, z, m, as well as the
accuracy of the formulas (16) increases with p and z. Formulas (15), (16) become
considerably simpler in case of large u (z) values when the probability of the
anomal error

= P[ o —o|> 7] (17)
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can be neglected while estimating the time of arrival. Then we get
(5| Do )~ E, +3Dp/2y2% ~ E,. V(B|Do )~ E2 + D3 /27 (18)
Assuming that g, =0 in Eqgs. (12)-(16), (18), we procced to the earlier found (in

[4]) expressions for the distribution function and the characteristics of the estimate
of the dispersion of the random radio pulse (2) in absence of the external
interference v(t).

The loss in the measurement accuracy produced by the presence of the
external interference can be quantitatively characterized by the relation

5=V(5m‘Do)/V(Dmo|Do)- Here V(DmO|D0):V(I5m‘DO)‘ . is the variance of
Oy =

the estimate (5) in absence of the external interference [4]. In Fig. 1 for m=20

the dependences p(q,) calculated by means of the formulas (12) and (15) are

drawn by dashed lines under n=100, and by solid lines — under pn=200.
Curves 1 correspond to gy =0.25, curves 2 — to gy =0.5 and curves 3 — to
0o =1. As follows from Fig. 1, the loss in the estimate (5) accuracy increases
with hindrance-to-noise ratio ¢, , and then it can reach considerable values. At
the same time, the influence of the external interference upon the accuracy of the
estimate ﬁm (5) increases with the increase of p and the decrease of qj.

4 Maximum Likelihood and Quasi-Likelihood Estimates of the
Dispersion

Accuracy of the estimate of the dispersion D, of the random radio pulse (2)

can be improved, if, while synthesizing the estimation algorithm in accordance
with the maximum likelihood method, we take into account the presence of the
external interference v(t). For this purpose we designate the logarithm of the

functional of likelihood ratio for the hypothesis x(t)=s(t,Ag, Dy)+v(t)+n(t)
against alternative x(t)=n(t) as L(x,D,y). If condition (4) holds, then,
according to [10, 11], we get

1 ! q A+7/2

2
yol(t)dt+
W(Ng +7) | N +y+d x—'[ ot

/2
. T2 dt}ln[ﬁyg—dJ(K _1)|n(1+NL] ,

0 7, 0 0

L(A,D,y)=1
(19)

where y,(t) is defined from Eq. (7), yl(t)zj._ix(t')hl(t—t’)dt' is the output

signal of the filter with the transfer function H,(w), satisfying the condition
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Hy (o) = 1[(9-0) ]+ 1[(8 +w)/0,], d=2aD/Q, and
K =(T,—T1)/1Qq . It should be noted that the relation
K>m (20)
is always satisfied, as T; <Aq, T, >A, and Q;>Q.
If the magnitude vy, of the interference v(t) SD (3) is a priori known, then
the maximum likelihood estimate (MLE) D, of the dispersion D, presents
itself as

Dy, =argsupL(Xy, D,yo). (21)
D>0
Here A, is MLE of the time of arrival A, of the radio pulse (2):
A = argsup_L(% Dy, o). (22)
re[A1,A2]

As follows from Eq. (19), MLE (22) agrees with the estimate (6).
Substituting Eq. (19) in Eq. (21) we find

Dy = max[0,M (4, )z —Ey ~E, |, (23)
where the function M () is defined from Eq. (7).
For the start, we assume that the magnitude y, of SD (3) is a priori unknown,

but it is possible to specify its some approximate expected (predicted) value y*.
Besides, we presuppose that, in a general case, SD N, of the white noise n(t)
is also known inexactly, i.e. while measurer is being synthesized, a particular
expected value N is used, instead of the true value Ny, and N™ = Ng. Then,
in Eq. (23) we substitute the expected values y~ and N for the unknown
parameters y, and N, and obtain the estimate

D;, = max[o,M(Am)/r—E’;, —E’;], (24)
where E’,i,zN*QO/Zn, E;zy*QO/Zrc. We name Eq. (24) as a
quasi-likelihood estimate (QLE), unlike MLE (23). Indeed, if y*:yo and
N™ =N,, then QLE (24) transforms into MLE (23).

Algorithm of QLE D; (24) of the dispersion D, of the random radio pulse
(2) can be implemented by means of the measurer presented in [4, Fig. 3]. For this
purpose it is necessary to submit the expected average power EK, + E; of the
total interference n(t)+v(t) to the measurer‘s subtractor, instead of the average
power Ey of the noise n(t).

Let us consider how a deviation of expected values y* and N* from true
values vy, and N of the interference and noise SDs influences on
characteristics of QLE (24). Similarly to Egs. (12)-(14), it can be shown that the
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distribution function Fp(XD) of the estimate D, (24) is linked to the
function R, (x) by the expression

Fn(XDo) =Ry {z[x/Do + 1+, )¢ /q0]},  x=0. (25)
Here &g =(E’,t, +E, —Ey - Ey)/(EN + Ey), and F,(x) is defined from Eq.
(12), if m>>1, or from Eq. (13) if m<1. Accordingly, the expressions for bias
b(D;‘DO) and variance V(D;‘DO) of the estimate D,, (24) can be found from

Eg. (15) changing Izm(x|D0) for F;(X|D0). While carrying out integration in Eq.
(15) in case of m <1, we obtain

b(D;‘DO): DO{(l—lJ;qV S +— chle—“ Qv SEH—H
0

2yz 0
1 22 1+q ? 2 v 1+q¢
+ exp| ——|1- Y5 +——¢€ A I e 2, S | ¥
zznxp[ 2[ % E”wzzxp{w (2 W H
x|1-D z(\y+l—1+qv SEJ o 5 €Xp 2\|;22(\y+1—1+qV SEJ x
do 2yz Jo
X 1—®[Z[W+1—1+qv SED :
Qo

2
Do): Dg{l_(l_wgé _i_,_MgE 1 JX

(26)

Vv (D,’;

2 2 2 2,4
do z°  Qovz 2y“z

2
x D zl—lJquSE __1 1+1+qV8E— 32 exp LI
Jo N 2% do 174 2
2
1+q, 1 4 o[ v 1+q, J
x|[1- S | |-|1-— | exp|yzd Y TT v 5 11 |x
( do EJ] L WZZ]WZ4 xp{w (2 o
x|1-® Z(\|l+l—1+qV SE] +|1- ! 5 sz
Qo | 2yz° Jyz
xexp{Z\uzz(\u+l—1+qV 5%}{1-@ z(2w+1—1+qV SEm}'
do Qo

If the probability of the anomal error (17) during the estimation of time of
arrival of the random pulse (2) can be neglected, i.e. when conditions p>>1 (4),

z>>1 hold, then from Eq. (26) we find
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Do)~ ~Ende(+a,), V(D;\Do)z EX [(1+ qy +0p)° /u+ 82+ qv)z]- (27)

In case of y =y,, N =N (8g =0) the QLE (24) characteristics go over

corresponding MLE (23) characteristics.
Formulas (14), (25) allow us to find a gain in accuracy of the estimate of the
dispersion of the random radio pulse (2), when the v(t) interference effect with a

priori known y, and Ng is taken into consideration. For this purpose we
introduce the relation p:V(f)m‘Do)/V(Dm|DO) of the estimate (5) variance

b(D;

V([Sm‘DO) to the estimate (23) variance V(Dm|D0). In Fig. 2, in case of m=20,

the dependences p(q\,) calculated by means of the formulas (12), (15), (25) are
drawn by dashed lines, if n=100, and by solid lines, if u=200. Curves 1
correspond to ¢y=0.25, curves 2 — to gy =05, curves 3 — to gy =1.

According to Fig. 2, the measurer (23) provides a considerable gain in accuracy of
the estimate of the dispersion of process a(t) in comparison with the measurer

(5), especially under large values pand q, .
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Fig. 1. Loss in the accuracy of the Fig. 2. Gain in accuracy of the
estimate of the random radio pulse estimate of the dispersion of the

dispersion in case of the external random radio pulse, with the external
interference availability interference effect taken into

consideration

However, the realization of this gain is not always possible, as the intensities
vo and Ny of the interference v(t) and noise n(t) can be a priori unknown,
or known inexactly. We characterize the effect of deviations of the expected

values 7" and N from their true values y, and N, upon QLE (24)
accuracy by the relation p” =V(D;‘D0)/V(Dm|DO).For m=20 and p =200,
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the dependences p*(SE) are plotted in Fig. 3. The curve 1 is calculated for
values gy =0.25, q, =1, the curve 2 —for qy=0.25, q, =0, the curve 3 — for
do =1, q, =1 and the curve 4 — for gy =1, g, =0. The analysis of the curves

in Fig. 3 shows that the ignorance of the intensities of the external interference
and the white noise can lead to the considerable loss in the accuracy of the
dispersion estimate (24). Fulfillment of the condition g, =0 means that the

external interference is absent. Therefore, in this case QLE (24) coincides with the
similar estimate considered in [4] and synthesized in the assumption that the SD

N, of the white noise n(t) is known inexactly. Accordingly, under g, =0, the
loss in accuracy of the estimate of the dispersion D, of the random radio pulse
(2) is caused only by the deviation of the expected value N from Ng. We can
see from curves 2 and 4 that QLE (24) accuracy decreases considerably, even if

the relative deviation of N” from the true SD value N, of the noise n(t) is
not too large.

5 Adaptive Estimate of the Dispersion

We can reduce the loss in accuracy of the estimate of the dispersion D, of
the random radio pulse (2) due to the interference v(t) ignorance by realizing the
unknown parameter y, adaptation. In this case MLE [3m of the dispersion D,
is written down in the form of

D,, =argsupL(A,,D), (28)
D>0
where
L(x,D)=supL(r,D,y), (29)
y=0
and A, = sup L(k, Iﬁm), and it coincides with the estimate (6).

re[A1,A2]
Substituting Eqg. (19) into Egs. (28), (29) we find

By =max|0,M (2, )/, M(x):Kil[KM(x)Tfyf(t)dt]. (30)

From Eqg. (30) follows that the structure of the synthesized estimate algorithm of
the dispersion is independent from the external interference y, and the white
noise Ny SDs.

The estimate (30) can be obtained by the measurer, its block diagram is shown
in Fig. 4. Here the designations are: 1 is the filter with transfer function

Ho(w),/K/ri K -1), 2 is the squarer, 3 is the integrator, 4 is the delay line for the
time 1, 5 is the switch that is open for time [A; +1/2,A, +1/2], 6 is the peak detec-
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tor, 7 is the switch that is open for time [T;,T,], 8 is the filter with transfer

function H,(w),/ti(K-1), 9 is the nonlinear element with the characteristic
f (x)=max(0,x), 10 is the gate circuit forming the signal sample at the moment
of time T,. The sample magnitude at the gate circuit 10 output is the estimate

D,, (30).

—
~
I
Y
©

B
Dm

10 —»

\J
Y

<
A\

8 2 3

\ i

Fig. 4. Block diagram of the adaptive measurer of the random radio pulse
dispersion against interferences with unknown intensities

Let us determine the MLE [3m (30) characteristics. For this purpose,
similarly to Eq. (8) we present the functional M()) as the sum of the signal
S(1) and noise N(I) functions

M(1)=
Here S(1)=(M (1)), N(1)=N()-(M
realizations of the observable data x(t) (1) under the fixed values of unknown

parameters Ay, yo and Dy, as before. We now write down the signal function
in the form of

S()+N(1). (31)
(

)> and averaging is carried out over all

(32)

$()=A 1-Kfl=lo|/(K=1), I-1o|<1,
~1(K -1), I1=lo|>1,
where A is defined from Eq. (9).
According to Eq. (31), <N(I)>:O,and under [Il; —lp|<1, i=12
1|ty = 1o = gmin(ly = 1o|,[1, ~1o|)-
<N(|1)N(|2)> =634 —2g[L-Jlo (1, +1,)/2/K - A, (I, ~1o )l ~19)2 0,
—(1—9/K)||1—|2|—29/K—A’ (lh—1o)lz~1p)<0
(33)

where 62 =K2%6%/(K-1)*, A=(+q,f’/K@+q, +9y)*—a/K, and o3, g
are defined in Eq. (10).
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1f max (I, —Ig|, I, —Io|)>1, then

R n 1-|l, -1,|-B, |l; -1,/<1,
<N(|1)N(|2)>_5ﬁ{ _él’ : |||1_IZ||>1’ (34)
& =K%} [(K-1F,  B=YK-qp(2+29, +do)/K*(+q, ).

The specified properties of the functional M (I) (31) allow us to write down
the distribution function F(xDy) of the estimate D, (30) under m<1,
similarly to Egs. (13), (14), as

Fm(XDg)=Fs(2x/DgH), x>0, (35)
where
Ifs(x)=CD(x—2)—2exp[\11222/2+\pz(2—x)]CD(x—\j/z—2)+
+exp [2\1;222 +2yz(2- x)]@(x—Z\Ifz ~2),
J=(K-1PHy/K?, 2=z/VH, H=1+01+q,V/(K-1)1+q, +qo) .

T [ |,
T

[
|
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/
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LW [ AN
W7o | WY
1M ///rzz WO
5 \\\\ /A NN

\\
1 1
é [ i By
l T—

~——

S
IS NSNS

11/

0

-1 -05 0 0.5 8 1 2 3 4 5 678 K
Fig. 3. Loss in accuracy of the estimate Fig. 5. Loss in the accuracy of the
of the casual radio pulse dispersion, if ~ adaptive estimate of the casual radio
the external interference and the white  pulse dispersion due to the ignorance

noise intensities are known inexactly of the external interference and the
white noise intensities

In Eg. (15) we substitute the approximation Ifm(x|D0) (35) for ﬁm(x|D0),
and, upon completing integrating, we now obtain the bias b(Dm‘DO) and

variance V(If)m‘Do) of MLE D,, (30) for the case when m<1:
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A 3 R 1 22 2 ~ 222 o
b(Dm‘DO): Do{(l‘l- 2 j®(2)+mexp[—7}r iz exp[w > +\|/zz]><

exp[ 29z(yz+2) |[1-D(2¢z + 2) ]—1},

[1-0(§z+2)]-

27z
(36)

: 17 3) 1
V(B[ )= DG {1-|1- = - —C— |o(2)-| 1-
) 0{ ( 22 2\1/22222] ()( @22}2\/2nx
2,2

) R
xexp[—z?j—[l— 1 )4 exp(wzZ +\1/2z][1—d)(\i;z+2)]+

1)1 - o
+ (1— 2@22}\&22 exp[2yz(yz + 2)] [L- D(2yz + 2)] }

For sufficiently large values p and z more simple approximations of bias and
variance of the adaptive MLE (30) instead of (36) can be used:

0(On[D0)< 0, V(B0[Do )~ ER |1+, + 02 + v, P /K D). (39

If m>>1, then, according to Eq. (20), it is necessary to set K >>1 in Egs.
(32)-(34). Thus, the characteristics of the functional M (k) (30) coincide with the
characteristics of the centered functional [M(A)-C] (7). As a result, under

m>>1, the characteristic of MLE [3m (30) with unknown magnitude v, of the
external interference SD (3) coincide with the corresponding characteristics of
MLE (23) under a priori known magnitude vy, of SD. Therefore, curves in Fig. 2
also show the gain f)zv(f)m‘DO) V(If)m‘Do) in the accuracy of MLE (30) in
comparison with the accuracy of the estimate (5) synthesized in study [4].
Accordingly, curves in Fig. 3 show the gain p~ =V(D;‘D0)/V(I5m‘Do) in the
accuracy of MLE (30) in comparison with the accuracy of QLE (24). According
to Figs. 2, 3, the gain in accuracy of the estimate of the dispersion, provided by

the adaptive measurer (30) shown in Fig. 4, may be considerable.
If m<1, then the value K may be small. Therefore, the accuracy of the

adaptive estimate D,, (30) will be lower than the accuracy of MLE D, (23), in
general. We characterize the loss in the accuracy of MLE (30) in comparison with
MLE (23) by the relation p, =V([3m‘DO)/V(Dm|DO), where V(Dp|D,) and

V(f)m‘Do) are defined from Eqgs. (26) (under &g =0) and (36), accordingly.

Dependences p, = p,(K) are presented in Fig. 5. It is assumed that p=200.
The curve 1 is calculated for values qg=0.25, q, =1, the curve 2 — for
do =0.25, q, =0, the curve 3—for gy =1, q, =1, the curve 4 —for qy =1,
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g, =0. As it can be seen from Fig. 5, the loss in the accuracy of the adaptive
estimate (30) in comparison with the estimate obtained in (23) increases
monotonously with the increasing g, and the decreasing K and g, and it
reaches substantial values under small K. Curves 2 and 4 calculated for g, =0

describe only the influence of the white noise adaptation carried out in the
absence of the external interference upon the accuracy of the estimate of the
dispersion. The analysis of these curves shows that even while receiving the
random radio pulse against intrinsic noise with unknown intensity, the loss in the

accuracy of the adaptive estimate If)m (30) in relation to MLE D,, (23) may be
considerable in case of small K. However, under K >8-+10 the characteristics
of MLE [3m (30) and MLE D, (23) practically coincide, so that there is no

loss in the accuracy of the estimation of the dispersion due to the ignorance of the
intensities of the interference and the white noise. From here specifically follows
that the adaptive dispersion measurer (30) should be applied even in the absence
of the external interference even, if the white noise SD is a priori unknown and
there can be made sufficiently large K.

6 Results of Statistical Simulation

In order to test the serviceability of the considered measurers and to establish
the borders of applicability for the found asymptotically exact formulas for the
estimation characteristics, we are to demonstrate the statistical computer
simulation of the algorithms (5), (23), (24), (30), using a procedure presented in

[12]. During simulation within the interval [Kl,xz], /~\1,2 =Ap /T, with step

Al=107 | the samples of realizations of the normalized functional
M()=M(1)/No (7) are generated and the value of the normalized random

~ T
variable M :ITZ y2(t)dt/Ng(K —1) (30) is also formed. For each realization of
1

x(t) (1), the position I, = argsup M(l) of the functional M(l) absolute
le|Aq,Ap

maximum is determined and, according to Egs. (5), (23), (24), (30), the estimates
Bm, D,,, Dy, D, aredefined, and their variances are calculated.

In Figs. 6, 7 the theoretical dependences (12), (14), (15) and (12), (15), (25)
(under 8¢ =0) are drawn for the normalized variances V, :V(f)m‘DO)/E,%l ,

Vq =V (Dy|Dy)/ER of the estimates Dy, (5), D, (23). The solid lines are

calculated for q,=0.5, and the dashed lines — for g, =0.25. Curves 1
correspond to pu=50, curves 2 — to u=100, curves 3 — to n=200.

Experimental values of the variances \7q , Vq for n=50, 100 and 200 are desi-



Estimate of the dispersion of the random radio pulse 6949

gnated by squares, crosses, rhombuses under g, =0.5, and by pluses, circlets,
triangles under g, =0.25.
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Fig. 6. Theoretical and experimental Fig. 7. Theoretical and experimental
dependences of the variance of the dependences of the variance of the
estimate of the random radio pulse maximum likelihood estimate of the
dispersion in case of the ignorance of random radio pulse dispersion

the external interference effect

In Fig. 8 the theoretical dependences (12), (15), (25) are plotted for the
normalized variance V(; :V(D;‘DO)/E,%, of the estimate D, (24). The solid
lines are calculated for 5g =0.2, and the dashed lines — for 8¢ =-0.2. Curves 1
correspond to pn=100, g, =0.5, curves 2—-to n=200, g, =0.5, curves 3 —to
u=200, g, =0. Experimental values of the variance V(: are designated by
squares, crosses, rhombuses for 6g =-0.2, and by pluses, circlets, triangles for
g =0.2.

Finally, in Figs. 9a and 9b the theoretical dependences are shown for the
normalized variance V =V([3m‘DO)/E,3, of the adaptive MLE D, (30), if
K=2 and K =21, accordingly. All curves are calculated by formulas (36) and
(12), (15), (25) (under &g =0): curves 1 — for n=100, q, =1, curves 2 — for
n=200, q, =1, curves 3 — for u=100, ¢, =0, curves 4 — for n=200,
g, =0. Appropriate experimental values of the variance \7q are designated by
squares, crosses, rhombuses and circlets.
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Fig. 8. Theoretical and experimental dependences of the variance of the estimate
of the random radio pulse dispersion when the external interference and the
white noise intensities are known inexactly
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Fig. 9. Theoretical and experimental dependences of the variance of the adaptive
estimate of the dispersion of the random radio pulse

The obtained results lead us to the following conclusions. Formulas (12), (14),
(15) and (12), (14), (25) for the characteristics of the estimates I5m, D, D;,

D,, well approximate the experimental data under m>20 and n>50,

z>0.5..1. If m<1, and the value of parameter K is small, then the asymptotic
expressions (36) for the characteristics of the adaptive algorithm (30) are in
satisfactory agreements with corresponding experimental dependences under
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u>50, z>3...4.If z>4..5, so the probability of the anomal error (17) can be
neglected, then the variances V(ﬁm‘DO), V(Dm|D0), V(D;‘DO) , V(@m‘DO) of

the estimates f)m (5), D, (23), D; (24), If)m (30) calculated with help of

Egs. (12), (14), (15), (25) and Eqgs. (16), (26), (36) practically coincide. In case of
z>6...7, for the calculation of the characteristics of the dispersion estimate
algorithms (5), (23), (24), (30) it is possible to use the formulas (18), (27), (38),
instead of Egs. (16), (26), (36), accordingly, without appreciable loss in accuracy.

7 Conclusion

The quality of the band random pulse dispersion estimation algorithms
constructed for the expected (predicted) values of the interference and the white
noise SDs particularly depends upon the presence of the prior data concerning the
unknown spurious parameters. If the prior information about the intensities of the
band interference and the white noise is absent, or is inexact, then the quality of
the estimate of the dispersion of the pulse signal may deteriorate considerably. In
this case a negative error in determining the average capacity of the total
interference is generally less desirable than a corresponding positive error.

Application of the adaptive approach for the removal of the prior uncertainty
concerning unknown band interference intensity allows us to obtain the algorithm
for the estimate of the dispersion of the band random pulse, which is also
independent from the intensity of the white noise. Besides, if the length of the
observation interval is much greater than the useful signal duration, or if the
interference bandwidth surpasses the interference bandwidth of the pulse random
substructure considerably, then the loss in the accuracy of the maximum
likelihood estimate of the dispersion due to the ignorance of the interference and
the white noise spectral densities is absent asymptotically. Conclusions and
recommendations are valid, if the output signal-to-noise ratio is greater than
0.5...1. Thus, with the found expressions we can now make a reasonable choice
between estimates (5), (23), (24) and (30), having accounted for the available
prior information concerning analyzed process and for the requirements to the
estimate accuracy and to the simplicity of the measurer hardware implementation.

Acknowledgements. The reported study was supported by Russian Science
Foundation (research project No. 15-11-10022).
References

[1] G.Ya. Mirskii, Instrumental Determination of Random Processes
Characteristics, Energiya, Moscow, 1972. (in Russian)



6952 O.V. Chernoyarov et al.

[2] C.W. Helstrom, Elements of Signal Detection and Estimation, Prentice-Hall,
Englewood Cliffs, New Jersey, 1994.

[3] A.P. Trifonov, S.P. Alekseenko, Quasilikelihood Estimate of Stationary
Gaussian Random Process Variance, lzvestiya Vysshikh Uchebnykh
Zavedenij. Radioelektronika, 11 (1994), 10-18.

[4] A.P. Trifonov, A.V. Zakharov, O.V. Chernoyarov, Estimation of the
Variance of a Random Pulse with an Unknown Arrival Time, Journal of
Communications Technology and Electronics, 13 (1996), 1124-1127.

[5] A.l. Kupriyanov, A.V. Sakharov, Radioelectronic Systems in Information
Conflict, Vuzovskaya Kniga, Moscow, 2003. (in Russian)

[6] V.D. Dobykin, A.l. Kupriyanov, V.G. Ponomarev, L.N. Shustov, Electronic
Warfare, Digital Storing and Reproduction of Radio Signals and
Electromagnetic Waves, Vuzovskaya Kniga, Moscow, 2009. (in Russian)

[7] K.K. Vasilyev, V.A. Omelychenko, Applied Theory of Random Processes
and Fields, Ulyanovsk State Technical University, Ulyanovks, 1995. (in
Russian)

[8] A.P. Trifonov, Yu.S. Shinakov, Joint Discrimination of Signals and
Estimation of Their Parameters Against Background, Radio i Svyaz',
Moscow, 1986. (in Russian)

[9] A.P. Trifonov, A.V. Zakharov, Reception of Signals with Unknown Delay in
the Presence of Modulating Noise, Radioelectronics and Communications
Systems, 4 (1986), 32-36.

[10] H.L. van Trees, K.L. Bell, Z. Tian, Detection, Estimation, and Modulation
Theory, Part I, Detection, Estimation, and Filtering Theory, Wiley, New
York, 2013.

[11] O.V. Chernoyarov, M. Vaculik, A. Shirikyan, A.V. Salnikova, Statistical
Analysis of Fast Fluctuating Random Signals with Arbitrary-Function
Envelope and Unknown Parameters, Komunikacie, 17 (2015), 35-43.

[12] O.V. Chernoyarov, Sai Si Thu Min, A.V. Salnikova, B.l. Shakhtarin, A.A.
Artemenko, Application of the local Markov approximation method for the
analysis of information processes processing algorithms with unknown
discontinuous parameters. Applied Mathematical Sciences, 8 (2014),
4469-4496. http://dx.doi.org/10.12988/ams.2014.46415

Received: November 12, 2015; Published: November 28, 2015


http://dx.doi.org/10.12988/ams.2014.46415

