DerepaibHOE arenTCTBO O 0OPA30BAHMIO

locynapcrBernoe 06pa3oBaTeIbHOE YIPEKIEHNE BBICIITETO
podeccnoHaIbHOr0 00Pa30BaAHUS
«Boponexckuit Tocy/1apcTBEHHBIN YHUBEPCUTET»

N.B. Konbitun, A.C. KopHeB

3agaun 110 KBAHTOBOII MeXaHUKe

YdaebHoe 1mocodbue Jjisi By30B
Hacrp 1

4-e n3manue

N3 aarenscko-nonurpadundeckKuii eHTP
BopoHexkckoro rocymjapcTBeHHOI0 YHUBEPCHUTETA
2009



VTBepKIEHO HAYIHO-METOANIECKIM COBETOM (hU3MIECKOro (hakyabTeTa
12 saBaps 2009 r., mporokosr Ne 1

Penenszent monent C./I. Kypraana

YuebHoe 1mmocobme MOJArOTOBJIEHO Ha Kadelpe TeopeTudecKon (Gu3nku
dusnyeckoro dakynbrera BopoHEKCKOro rocyiapCTBEHHOIO YHUBEPCUTE-
Ta.

Pekomengyercst 1715t ctymenToB 3, 4 Kypcos ji/o u 4 Kypca B/o.

s crenmaabuocTeit: 010701 — Pusuka, 010801 — Pagnodusuka u sjek-
tponnka, 010803 — MuKpo3IeKTPOHUKA U TOJTyTPOBOIHUKOBBIE ITPUOOPHI



OryaBJjieHHue

BBenenune
I'maBa 1. KBaHTOBBIE cocTOsiHUsI. BoJTHOBBIE DYyHKITUU

I'maBa 2. ®Pusmyeckue BesmuuHbl. OnepaTopsl
2.1. IloHsaTuHe omepaTopa . . . . . . v v v i e
2.2. Anrebpa OmepaTopoB . . . . . .. v e
2.3. OmepaTopbl pa3andHbIX (GU3NIECKUX BEJIUIUH . . . . . . . .
2.4. DPMHUTOBO COMPSIKEHUE OMEPATOPOB . . . . . . . . . . . . .

I'naBa 3. N3amepumocTtb pu3NIeCKNX BEJININH
3.1. Cpennne 3HaveHUsT PUINIECKUX BEJIUIUH . . . . . . . . . .
3.2. Ompeiesientble 3HaYeHns PUINIECKUX BEJIMIUH . . . . . . .
3.3. CoBmecTHasi u3MepuMOCTh (pusudeckux BeandnH. CoOTHO-
IMEHUEe HEeOIIPEACJIEHHOCTEeM . . . . . . . . . . . . . . . « . ..

I'maBa 4. 'amuabTOoHUAH
4.1. Bpemennoe ypasuenwue Illpenmurepa . . . . . . . . . . . ..
4.2. Il710THOCTH TOTOKA BEPOATHOCTH . . . . « o o o v v v v o . .
4.3. CralOHAPHBIE COCTOSTHUST . . . « « « « « o o v v o e e e o

I'maBa 5. NuTerpasbl ABU>KEHNsI B KBAHTOBON MeXaHUKe
5.1. /InddepennmpoBanue ornepaTopoB 10 BpeMeHT . . . . . . .
5.2. VHTErpasbl IBUKEHUS . . . « o o o o v v vov o e e

IIpunoxxkenne

A.  HHTerpays BEPOATHOCTH . . . © « « v v v e v e e e e e e e o
b. TamMma-dyHKIUSA 1 CBsI3aHHBIE ¢ HEM MHTErPAJIBI . . . . . . .
B. Cumpomn Jleeu — YmBura . . . . . . . . .. ... ...
I Henbra-dyuxmuga Jupaka . . . . . . . . .. ... ... ...

13
13
14
20
28

34
34
37

42

46
46
47
48

55
25
57

61
61
63
64
65



BBenenne

Hacrosiee mocobue npejgHasHAYaeTCsl JIJIsl MPAKTUYIECKUX 3aHATHH U
CaMOCTOATEIBLHON paboThl 10 Kypcy «KBaHTOBasi Teopusi» JiJisl CTY/IEHTOB
BCeX clenuaabHocTeil pusngeckoro dpaxyabrera.

[Tocobue CoJEep:KUT TATH IJIaB, OXBATBHIBAIONIUX CJIELYIONIHE BOIIPOCHI
Kypca: KBAaHTOBbIE COCTOSTHUSI U MX BOJTHOBBIE (byHKImHU (1i1. 1), husnueckue
BEJIMYUHBl U UX ONEPATOPhI (IVI. 2), U3MEPUMOCTb (PU3MIECKUX BEJIUINH
(rur. 3), ramuibrornan (1. 4) M UHTErPAJIbI JBUKeHUsT (IJ1. 5).

B Kypce MexaHUKH ObLIA IIOCTPOEHA TEOPUsl KOJUIECTBEHHOTO OIIMCAHUSI
MeXaHUYECKOrO JIBUYKEHWS, WU TePEMENIeHUs] Tejla B MPOCTPAHCTBE. DTa
Teopusi (TaK HA3bIBAEMAs KAGCCUYECKAA METAHUKG) TPUMEHUMA, OJIHAKO,
He Beerja. Ecam Mexanndeckoe geiicTBrue pU3MIeCKOl CUCTEMBI 110 MOPSI/JI-
KY BEJIMYUHBI COBIAJAET C TIOCTOAHHON [1anka f, To JBUKEHNE IIPUHUMAET
UHbBIE KAYECTBEHHBIE (DOPMBI: UCUE3aeT CAMO HOHSITHE TPACKTOPHUH, MOSIBJIs-
IOTCsI TPUHIUITHATbHBIE OTPDAHUYEHUSI B TOTHOCTH M3MepeHuil (pusnaecknx
BEJINYNH, B PsJie CJydaeB BOZHUKAET JUCKPETHOCTh 3HAYEHUN HEKOTOPBIX
busnueckux BeJIMYNH, BOJIHOBOI XapaKTep JIBUXKEHUs JacTUIl u T. . Pas-
MepBbI 3TUX CUCTEM 110 OOBIJIEHHBIM MepKaM KpaiiHne MaJjibl. Jlaxke jist Takoii
OTHOCUTETHHO GOJIBINION YaCTHUII, Kak aToM, oHu nopsaka 10719 v. Tpuns-
TO FOBOPHUTh, UTO JIAHHBIE CUCTEMbI 00Pa3y0T Mukpomup. B cBOI0O ouepepb,
CHUCTEMBbI, TOIMHSIIOIINECS] KJIACCHIECKONH MEXaHUKe, 06Pa3yIoT MAKPOMUP.
MexaHuka MUKpPOMUPA TPAJUIIUNOHHO HA3BIBAETCS KEAHMOB0T METAHUKOU,
B OTJIMYME OT KJIACCHYECKOW MEXaHWKHU, XOTs TAKOe HANMEHOBAHUE BECh-
Ma, ycaoBHO. K 00beKTaM MUKPOMEPA OTHOCSTCS SJI€MEHTAPHbBIE YaCTUIIbI
(371eKTPOH, IPOTOH, HERTPOH U JIP. ), AJIPA, ATOMbBI, MOJIEKYJIbI U KDUCTAJLIIBI.

KonmaecTBennast Teoprst MUKPOMUPA HYKIAeTCsI B CHENn(UIECKOM M0~
HATUIAHOM M MaTeMaTH4ecKoM ammapare. [lodTn Kaxkjgoe HOHATHE U300-
parkaeTcsl P IMOMOIIU HEKOTOPOH MATeMATUIECKOH KOHCTPYKIUH, U TIPU
9TOM UCIIOJIB3YIOTCsI MHOIHE M3yUeHHbBIE MIPeXKIe Pa3JIeIbl MaTEMATUKH.

[Tpusenem 3uauenust (B enuuumnax CU) HeKoTOPBIX DyHIaMEHTATHHBIX
KOHCTAHT, MCIIOJb30BAHHBIE B HACTOSIIEM TTOCOOHH:

nocrograHas Ilmanka i = 1.055 - 1073% Tx-c;
Macca JIeKTpoHa M, = 9.11 - 1073 k.



I'nmasa 1.

KBanToBnbie cocrosinns. BosraoBbie pyHKIINNI

OpauM u3 pyHIAMEHTAJTBHBIX MOHSITUN KBAHTOBON TEOPUM SIBJISIETCS
KBAHTOBOE COCTOSTHWE CHCTEMBbI (MUKDPOYACTHIBI). B JaHHBII MOMEHT MBI
ITOKa& He MOXKEeM CKa3aTh HUYEro 0oJjiee OIpeIeIEHHON0 O KBAHTOBBIX COCTO-
aungx. B jganbHeiinem OyjgeM HEOJHOKPATHO YTOYHSATDH JJaHHOE TOHSTHE.
3/1ech JIUIb 00paTUM BHUMAHUE HA €r0 MaTeMaTHUIeCKHU acleKT: KBaHTO-
BO€ COCTOsTHME N300ParKaeTcsd ¢ TTOMOIIHIO BOJTHOBOW (DYHKITUH — HEKOTOPOIA
KOMILIEKCHO# (DyHKIMI KoopAuHatT u speMennu 1 V(€ t) (€ — coBOKyImHOCTD
BCeX OOOOIEHHBIX KOOPJIMHAT; JIIsi YaCTHUIIbI B TPEXMEPHOM €BKJIUIOBOM
IPOCTPAHCTBE £ = 7).

BonnoBas byHKIIA cama 1o cedbe He nmeeT PU3UIECKOr0 CMBICTIA, T. €.
siBsieTcd HeHabsrozaeMoit Benanuoil. C HeHaOJI0MaeMbIMUA BEJIMINHAMUI
qUTaTesb CTAJIKUBAJICS U paHee. B KiraccuviecKoil MexaHUKe, HallpUMep, KO-
opauHaTa He OyJIeT UMETh CMBICJIA JI0 TeX IMOp, MOKa He yKa3aH BhIOOD Ha-
JaJia koopauHatT. To yKe MOYXKHO CKa3aTh U O BPEMEHU, U O MMOTEHITUATLHOM
sHeprun. B snekTpoimHaMuKe HeHAOIOIAeMBIMU BEJIMUMHAMA SIBJIAIOTCS
MMOTEHITNAJIBI SJIEKTPOMATHUTHOTO TTOJIS.

st onmucanus c60600H020 08UNCEHUA YACMUYDBL C MACCON M U UMITYJIb-
coMm p (BOT mepBbIil puMep KBaHTOBOrO cocrostaus!) JI. ne Bpoitias mpe-
JIOYKHUJT UCIIOJTb30BATh IJIOCKYIO BOJTHY:

.pr — Et

Uy(r,t) = Cexp i, (1.1)

rine £ = p?/2m — sueprus yactuipl, C — HEKOTOpask HeHyJleBasa KOHCTaHTa.
B nacrosiiee Bpemst dyHKIimo (1.1) TpuHATO HA3BIBATE 604H0U de Bpotiai.
[Ipetaraem ynTaTeo CAaMOCTOSTEIHHO OIEHUTD €€ JJIMHY JIJIs 9JIeKTPOHA
B aToMme, 3ammcaB (1.1) gepe3 BoJIHOBOI BeKTOp k 1 9acTOTy W.
ITocrosinnag Ilmanka h — HOBas dpyHIaMeHTa/IbHAA HU3NIECKasT KOH-
CTaHTa, CleruduyecKas s MUKPOMUpa. B 9acTHOCTH, OHA SIBJISIETCS KO-

1 B kagecTBe aprymeHnTa (AHAMITYECKON IIepEMEHHOM) Y BOJTHOBON (DYHKITMU MOXKHO
BBIOpATh HE TOJILKO KOOPJIMHATY, HO U JIPyTrue (pu3mdecKre BeJIMUYUHBI: UMITYJIbC, SHEPTUIO
U T. 1. 3aBUCUMOCTb OT BPEMEHU TaK»Ke MOYKHO BBIOPATH MO-PA3HOMY B OTHOM W TOM 2Ke
dusuydeckoit cutyaruu. JlaHHbIe BOIPOCHI UCCIEAYIOTCI B MeEOPuU NpedcmasaeHuti —
CIIEIMaJIbHOM pa3eje KBaHTOBON Teopuu. B HacTosIieM mocobuu MbI HE KaCaeMCsl 3TUX
aCIIEKTOB U BCIOMY IIPEIIOJIAraeM BOJHOBYIO (DYHKIIMIO 3aBUCHINEH OT KOOPJAUHATHI, T. €.
HCIIOJIb3YEM TaK Ha3bIBAEMOE K00PIUHAMHOE NpedcmasieHie BOTHOBON (DYHKITHH.



3D OUIIEHTOM TPOITOPITNOHAIBHOCTH MeXK/ Ty dHeprueit u gactoroit B (1.1).
CoorHotleHns KBAHTOBOW TEOPUU JTAIOT KJIACCHYIECKH HEITPOTHBOPEYUBBIE
pe3yabTaThl Ipu opMaJIbHOM Iepexojie K npeaenay h — 0.

B obmem ciydae BoJIHOBasi (DYHKIIMS HAXOJIUTCH U3 PEIIEHUsT COOT-
BETCTBYIOIIETO JIMTHEWHOTO OJTHOPOIHOTO AU dHepeHIInabHOTO YPaBHEHUS,
IIO9TOMY OHA OIPEJIEJITETCS ¢ TOYHOCTHIO JO MPOU3BOJIBLHOIO MOCTOSTHHO-
'O MHOYXKUTEA — HOPMUPOBOUHOT KoHcmarmo. Ecm BOTHOBBIE (DYHKITMI
OTJIMIAIOTCST TOJIBKO MTOCTOSTHHBIM MHOXKUTEJIEM, TO COOTBETCTBYIOIINE UM
COCTOSIHUS (PU3UUECKU IKGUBAAEHITLHDL.

M. BopH mpeamoxKui ceayonyo GUu3ndecKyio UHTEPIPETAIINIO BOJI-
HOBOI (DYHKITMHU: KBaJIPAT €€ MOJLyJIsl TIPOMOPIIMOHAJIEH TLJIOTHOCTH BEPOSIT-
HOCTH OOHAPYKEHUSI IaCTUIIbI B TOYKE C KOOPAUHATOM &:

W(E )~ w(E,b). (1.2)

B cocrosinusix gpunummozo dsusicerus T1acTUIA JTOKAJIN30BaHa B KOHEU-
HOI 00JIaCTH MPOCTPAHCTBA, TaK UTO HAJJIEXKAIIUM BHIOOPOM HOPMUPOBOY-
HON KOHCTaHTHI cooTHoIIeHne (1.2) MOYKHO MPEBPATUTH B CTPOroe pPaBeH-
CTBO:

[T = w(& ). (1.3)

CorjtacHO TeopumM BepOSATHOCTEN, YCAOBUE HOPMUPOSKY JIJIS BOJHOBOMN
dYyHKIINN GUHUTHOTO ABUKEHUST MOXKHO C(POPMYIUPOBATH CJIAEYIONTAM 00-
pa3om:

[ npac—1 (1.4)

IJle HHTEI'PUPOBAHUE BEJETCSI 110 8CEMY NPOCTMPAHCINEY.
Unrerpan B (1.4) koneden, rosnbko ecan Gyaxnus |V (&, t)|° Ha 60apmmx
PACCTOSIHUSX CHajaeT JOCTATOYHO ObICTpo. B cocrosmusix ungurnummoezo

| 2

deustcenus, B 1aCTHOCTH, ONMCHIBAEMBIX BOJIHOM Jie Bpoiiisa, 3ToT naTerpaJt
PaCXOJINTCsA, TaK YTO yCJIOBUE HOPMHUPOBKU HEOOXOAUMO CHOPMYIUPOBATD
UHBIM 00pa3oM. Tam, T/e 9TO He OrOBOPEHO OT/AE/IbHO, MbI OyJIeM paccMaT-
pUBaTh COCTOSHUST (DUHUTHOTO JIBUKEHUSI.

U3 yenosust (1.4) BuHO, 9TO gayKe HOPMUPOBAHHAST BOJIHOBAsI (DYHKITHUST
ompeJieigeTcss He OJHO3HAYHO, & C TOYHOCTBHIO JIO TMPOU3BOJILHOTO ITOCTO-
SHHOTO (a306020 mmoscumens: €. B HacTosIeM 1TOCOOUY TAHHBIH MHO-
JKUTeJIb BCIOJAY BBIOMPAETCs TaK, YTOOBI 110 BO3MOXKHOCTHU YIPOCTUTH BUJL
BOJTHOBOM (DYHKITUU.

Y BosIHOBOI (DYHKIIUKU Hem YHUBEPCarvbHol padmeprocmu. Ee paszmep-
HOCTB OIIpeJIesIsIeTCA TOJTBKO 3JIEMEHTOM WHTETPUPOBAHUS:

(W(&,t)] = [dg] /2. (1.5)




Jlerko BueTh, 9TO TpM BhIMOJHEHNH (1.5) MOABIHTErpaIHHOE BBIPAYKEHUE
B (1.4) 6ymer 6eapasmepHbim.

B xagecTBe BOJIHOBOI (DYHKITNN MOYKET BBICTYTIATh He JII00ast MaTeMaTH-
yeckas (DYHKIHS, a yJIOBJIETBOPSIONAS CMaHIGPMHbBIM YCAOBUAM: KOHE -
HaA, 00HO3HAYHAA U Henpepviehad. 1lepBble 1Ba yCI0BUS HEIIOCPEICTBEHHO
CTIEJIYIOT U3 ee BEPOITHOCTHON WHTEPIIPeTaInu, TpeboBaHme HEPepPbIBHO-
CTU MBI TTOSICHUM HUKE.

BepositHocTHasT MHTEepIIpeTaIis BOJTHOBOM (DYHKITUN OTJIUIAETCS OT Be-
POSITHOCTHO# MHTEpPIpEeTAINU 3aKOHOB KJIACCHIECKON CTaATUCTUYIECKO Me-
XaHUKHU. BepOSTHOCTHBIN MOX0/T B CTATUCTUIECKON MeXaHUKe 00yC/IOBJIEH
GOJIBIITIM YHCIOM 3aJeiicTBoBanHLIX dacTul (~ 10%2). B muxpommpe daorce
8 caydae eOUHCMBEHHOT YacCMUYbL €€ J8UINCEHUE HOCUM BEPOAMMHOCTHBIT
xrapaxmep.

Pan dunocodos B 1esrsax momysaspu3aun KBAHTOBOW TEOPUU WHOTIA
MHTEPIPETUPYIOT BOJTHOBYIO (PYHKIUIO KAK «BOJIHY BEPOSITHOCTH» U IIIHPO-
KO UCIIOJIB3YIOT MOHSATHE «KOPITYCKYJISPHO-BOJTHOBOTO Jyaau3mas. Crieayer
IPEIOCTEPedb UUTATENSI OT CJIUIIKOM IMPUMUTHBHOTO TOJKOBAHUS T10/100-
HBIX ompejiesieHnit. PeaqbHO 00BbEKTHI MUKPOMHPA SIBJIAIOTCS HOBOW JIJIst
moHUMaHusi (POPMOIt MaTEPUH, KOTOPasi B HEKOTOPBIX NPEJeAbHbLT CIYIASTK
MOXKET ITPOSIBJISITH CBOMCTBA KaK UACTHUIL, TAK W BOJIH.

YKakeM Ha CYIEeCTBEHHOE OTJIMINE KBAHTOBOI'O JBUXKEHUS OT PAaCIIpPO-
CTpaHeHWs] UCTUHHON BOJIHBI (HAIIPUMED, JEKTPOMArHuTHOMN). Fein nme-
f0TCst N UCTOYHUKOB 3JIEKTPOMATrHUTHBIX BOJIH, TO PE3YIBTUPYIONIAsT BOJTHA
Oy/eT MO-TIPEKHEMY 3aBHUCETb MOAbKO 0M 00HOT NPOCMparcmeennoli nepe-
mennot. B ciaydae cucrembl N MUKPOIACTHIL €€ NOAHAA GOAHOBAA PYHKUUA
6ydem szasucemsv om N npocmparcmeennur nepemertvir: V(Ey, ..., En;t).
Bce npespimymume BeIBOIBL, a Takxke dhopmyis (1.1)—(1.5) serko o6o6mmaroT-
csI Ha 9TOT caydaii. Tenepb, 0HAKO, B KAUeCTBE 3JIEMEHTa WHTETPUPOBAHUS
caenyet B3ATH A€ = d&; ...dEN — d7eMEeHT TaK Ha3bIBAEMOTO KoH@Uu2Yypa-
UYUOHHO20 NPOCTMPAHCMEA.

B zakmouenune chopmynupyeM byHIaMEHTAJBHbBINA TPUHIAI KBAHTO-
BOIl T€OPUU — TMPUHITUTI CYTIEPIIO3UTINH, TIPEICTABJISIONINAN COO0M pe3ybTaT
0000IIEeHNST SKCITEPUMEHTAJIbHBIX UCITHITAHUIA.

Feau xeanwmosas cucmema mootrcem Haxrodumuvesa 6 COCMOAHUAL C 60AHO-
6HlMU %yH’KZuUﬂMU \Ill u \112, Mo OHA MOIAHCEM HATOOUMDBCA U 6 COCTNOAHUU

U = 041\111 + 042\112, (16)

2de a1 U g — NPOU3BONADBHBIE KOMNAEKCHDLE KOHCIMAHINDL.

Jluneitnast KoMOUHAINST BOJTHOBBIX (DYyHKIWMIT B mpaBoii yactu (1.6) 3a-
JlaeT cynepno3uyuro cocmosanut. JIpyruMu caoBaMu, cynepnosutus cocmo-
AHUT K6aHMOo60T cucmemv, mostce 6ydem cocmoaruem 3moti CUCTEMDL.



Pazbepem HeCKOBKO MPUMEPOB, B KOTOPBIX OYIYT BBHIYUCJIEHBI HOPMHU-
POBOYHBIE KOHCTAHTBI HAMOOJIee BayKHBIX BOJIHOBBIX (DYHKIHIT (PEKOMEH TY-
eM CaMOCTOSITE/IbHO TPOBEPUTDH UX pasMepHocTh!). [losyuenubie pesysbra-
THI MBI OyJIeM HEOJIHOKPATHO MCIIOJIb30BAThH B JAJbHENIIIEM TPU U3YUYEHUN
Kypca KBaHTOBOII TE€OPUMU.

IIpumep 1.1. Yacmuua npusedena 6 cocmosrue ¢ 80AH080U PynKuuer

T
Asinl npu 0 < x < a;
U(x) = a

0 npu x < 0 uau r > a.

Buwucaumo HOPMUPOBOUYHYNO KOHCTNAHIMY A.

Pemrerne. Yactuia okaan3oBana B KOHETHON 00JIACTU TPOCTPAHCTBA, IO~
9TOMY B KadeCTBe YCJIOBUsSI HOPMUDOBKH CJieJlyeT B3ATh (1.4), MOJI0XKWB

d¢ = du:

@ 1 “ 2
- \A|2/ sin? T qg = & |A\2/ [1 ~sin ﬂ] dz = 2142 (17)
0 a 2 0 a 2
Wurerpasn or Broporo ciaraemoro B (1.7) obpaiaercst B HyJib U3-3a UHTe-

TPUPOBAHUS TAPMOHUYIECKON (DYHKIIUM 1O ee Tepuoay. Takum obpa3om, c
TOYHOCTBHIO JI0 (ha30BOro MHOKHTENsT A = /2/a, a HOpMUpOBaHHAs (DYHK-

st
MRENE s
) =4/— sin —. .

a a

[

IIpumep 1.2. Yacmuua npusedena 6 cocmosanue ¢ 80410600 Pyrruuet

T

2
U(z) = Aexp [_ﬁ]’
0

2de xg > 0 — KOHCMAHMA C PABMEPHOCTIBLIO OAUuHbL. Buvuciums A.

[ e 2] e 1

C TIOMOIIIbIO 3aMEHbBI TIEPEMEHHBIX & /Xg = t CBOAUTCS K mHTerpasy Ilyaccona
(em. (A.1)), tak urto |A|* = 1/(2¢/7). OKoHUATEIBLHBII OTBET:

Permreane. Vlaterpaut

U(z) = ﬁ exp [_2‘”’3—;%] (1.10)




IIpumep 1.3. Boawnosoti naxem sadaemcsa pynruyueti

2
x .
\I](CE) = Aexp [—2—332 —|— lkoCE],
0
266 iy > 0 — xoncmanma ¢ DPASMEPHOCTTBIO a./L’U,H’b[,, Onpede,/m’romaﬂ WUPUHY
naxrema, kfo — KOHCMaHmMma C pasmMepHoOCImb1o 60A4HO06020 HYUCAA. Bwwucaums
HOPMUPOBOUYHYIO KOHCIMAHIMY A

Pemmrenme. Ilpn Bo3sesennn |V (z)| B kBagpar ciaraemoe ikor 1mos 3HAKOM
9KCIIOHEHTDI NCYE3aeT U 3a/a9a CBOJNTCA K BBIYUCIEHUIO nHTerpasa (1.9)
U3 TPEJIBIYINEro TpUMepPA. [

Mg paccMoTpenn BbIYUCTIEHE HOPMUPOBOYHBIX KOHCTAHT JIJIT HEKOTO-
pPbIX QYHKIN, 38 JaHHBIX B J€KaPTOBBIX KOOPJAWHATAX. Ternepb pacCMOTPUM
JAPYTHE CACTEMBI KOOPJINHAT.

IIpumep 1.4. Boarosaa Gynxuus, 3a6UcCAWGA OM NOAAPHO20 Yeia ©, 3a-

00,6m6.ﬂ, 6blPAIHCEHUEM .
U(p) = Ae?, (1.11)

ede v — Hewromopasa KOHCTaHmaA. HCTZO,/L’bSyﬂ, cmaHdapmeLe Ycaoeus, onpe-
deaumns 603MONHCHBLE 3HAUEHUS O U HOoOpMUpoBaAMDB 60AHOBYNO éy’H,%u’U,TO

Perrrenne. Ilogapublii yros ¢ 3ajaeT HEKOTOPOE HaIlpaBJeHNEe Ha TIJIOCKOCTH
2Oy oTHOCUTEJILHO HadaJja KoopauHat. [Ipu usmenenun atoro yria Ha 27
HaIPaBJIEHUE OCTAETCs TPEKHUM, TaK UTO OAA SHINOAHEHUA YCAOBUA 0OHO-
BHAYHOCTNU PYHKUUA NoAAPHO20 Yeaa W(p) dossrcra 6oimv nepuoduunol ¢
nepuodom 27:

U(p) = U(p + 27). (1.12)

U3 sasroro Buga dbyurnun W(p) (1.11) u ycnosus nepuogmanoctu (1.12)
[IOJIyYaeM YCJIOBUE JJIsl OlPeaeIeHNs] KOHCTAHThI (v

eQﬂ'iOA — 1,
OTKyJIa cjietyer, u9to das Pynkyuu suda (1.11) xoncmanma o dosorcna npu-
HUMAMD MOALKO Uueavle 3Havenus: o« =my; = 0,11, ...

[lonspHbIit yros ¢ MOXKeT NPUHAMATHL 3HAYEHWs W3 WHTepBaJa,
0 < ¢ < 2m; w3 (1.11) caemnyer, ato |U(p)|? = |A|?, mosTomy

21
/ T () 2dy = 20| A2 = 1.
0



Beimuiem okoHUATEIBHBIN BUT HOpMupoBaHHOH dyHKmm (1.11):

U, () = m=0,+1,... (1.13)

ITpumep 1.5. Hopmuposamv eoanosvie Gynryuu
U0, p) = As; Uy(0,p) = Ag cosb

Ha eduHuNHOUT cpepe.

Permrrtenne. Bragajie HalmloMHUM BH/JI 3JI€MEHTa, TE€JIECHOT'O yrJja B cdepude-
CKUX KOOPJ/IMHATAX:

dQ) =sinfdfdyp, 0<o<m 0< <27, (1.14)

Koncranty A; mnojiydaeMm 3jieMeHTapPHBIM WHTETPUPOBAHUEM:

1
Uy ( dQ= 1A 2/sz47TA 2=1, orkyma A; =—.
/| (0,740 = | A, A e A=

[Tpu Berunciaenun Ao cjefiaeM 3aMeHy MepeMeHHbIX cosf = t (mpu SToM

dt = —sin 6 df):

27 +1 47T
/\1112( ©)]2dQ = |A2\2/ dgp/ t2dt = \A2|2

3
B pesynbrare Ay = e ]
s

IIpumep 1.6. Hopmuposams 804H08Y10 PYHKUUIO

W(r) = Aexp [—Z—]

ao

3adaHHYy10 60 GCEM Mpocmparcmee 6 chepuveckur koopduramax. 30eco
ag > 0 — woncmanma ¢ padmeprocmoro diunv,, Z > 0 — be3padmepHas
KOHCMAHMQ.

Perrrerme. DnemenT 06beMa B chepruaecKnxX KOOPIMHATAX
d®r = r2dr dqQ, (1.15)

rie dS2 onpenensiercs Beipaykenuem (1.14).
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Pananbubrit narerpas 3amenoit t = 221 /ag npusogaurcs K suy (B.11):

o 27
()23 = |A)2 | 2exp |22l |dr [ dQ =
0 aop
——

47
3 o0 3
_ 2 Qg 2 —t 1, T4y g2
—_————

2

— 3 3
Otrciona A = \/Z3/7may. llpuBesieM OKOHYATEIbHOE BbIPAXKEHUE [JISI HOP-
MHUPOBAHHO BOJTHOBOW (DYHKITHN:

Z3 Zr
U(r)=4/—= —— 1.16
(r) = [ 2y exn |- 2] (1.16)
Obparmaem BHUMaHUE Ha €€ Pa3MEPHOCTb. ]

3agadm aJisi CAMOCTOSTEJILHOTO PelleHns

1. BosiHoBast pyHKINA 3a/1a€TCs Ha BCEll BEIIECTBEHHON OCU BhIParKEHUEM

2

72
U(z) = Azexp [—g],
0

r7e £y — KOHCTAHTa C PA3MEPHOCTDHIO JIMHBI. BBIIUCINTE HOPMUPOBOIHY IO
KOHCTaHTY A.

(Omeem: A = \/2/x3\/m . Yrasanue: BocionbzoBaThes (A.3).)
2. BosHoBasi byHKIMS 3a/1a€TCsT HA BCEil BEIIECTBEHHON OCH BBIPAXKEHUEM
—1
72
Lo

r7e £o — KOHCTAHTa C PA3MEPHOCTDHIO JUIMHBI. BBIYUCINTH HOpMIPOBOIHY IO
KOHCTAHTY A.

(Omeem: A = +/2/mx.)

3. BoJiHOBast (DyHKITNS 3a/1a€TCsI HA TTOJIOXKUTETHHOM ITOJIYOCU BhIPAXKEHUEM

U(z) = Az exp [—i],

Zo

11



r7e £o — KOHCTAHTa C PA3MEPHOCTDHIO JUIMHBI. BBIYUCINTE HOPMIPOBOIHY IO
KOHCTaHTY A.

(Omsem: A =2/\/x3.)

4. Bosnosble GyHKIUN 3aJaI0TCs HA €IUHUYIHON cdepe B chepuaeckmx
KOODIMHATAX BBIPAYKEHISIMU

U, (,p) = Ay sinfet?.

BbraucimTs HOpMAPOBOYHBIE KOHCTAHTHI A .
(Omeem: AL = /3/87.)

5. BoJsiHoBasi pyHKIUS 3a/a€TCsT BO BCEM TPOCTPAHCTBE B cepmaeckmx
KOOP/IMHATAX BbIPaKEHUEM

2
U(r) = Aexp [—W],
0

rJe 1o — KOHCTAHTa C Pa3MEePHOCTDHIO JJIUHBI. BBIYUCINTD HOPMHUPOBOUHYIO
KOHCTAHTY A.

(Omeem: A = (rg\/m)~3/2.)

12



I'nmasa 2.

Pusndeckue BeJudnHbl. OnepaTopsbl

2.1. IlonsaTme omeparopa

B kxBaHTOBOIT MexaHUKe JJjid M300parkeHusd (PU3NIECKUX BEJIUYUUH CJIY-
>KaT onepamopu. C MaTeMaTHIecKO TOYKN 3PpEHUsT OIePpaToOpP IPeICTaBIsi-
eT coboit HeKUil cITocod Iepexojia OT OJHOM BOJIHOBOH (DYHKIIMU K JIPYTOM.
st o60o3HaeHNsT OllepaTOpa UCIOJIb3yeTcsd OYKBa CO MIISIIKON, HAIpUMeD,
A. Bammcn 121\11(5) osHauaer deticmeue onepamopa A na @yrxyur0o U (), ko-
TOpOE B ODIIEM CJydae He CBOIUTCS K OOBITHOMY yMHOXKEHU0. Pe3yavma-
mom deticmeus onepamopa Ha Gyrruuro 6ydem GyrruuAa.

IIpumep 2.1. Ilodeticmeosams wa dyrryuto W(E) = siné onepamopamu:

. . d
Alzf; AQ:d_f'

Pemenne. B nmepsoMm ciydae JeiicTBHe olepaTopa CBOAUTCA K OOBLITHOMY
ymaOkernio dyaknun V(§) Ha koopauHary &:

A0(€) = Esiné.

Bo Bropowm ciyuae meiictBre omeparopa Oy/eT SKBUBAJIEHTHO B3SITHIO ITPO-
u3BoHON dyukIIHM V(§):

AW (€) = dif sin& = cosé.

[

Omneparop omnpezessieTcst Ha, HEKOTOPOM MHOXKECTBe, WIN KAacce, (PyHK-
nuii. B kBaHTOBOI Teopuu — 3T0 (DYHKIUHU, YAOBJIETBOPAIOIINE CTAHIAPT-
HBIM YCJOBUSIM (KOHEYHOCTH, OJHOZHAYHOCTH, HEIMPEPBIBHOCTH). Onpede-
AUMDB OTIEPATOP — 3HAYUT 3a0amb IPABUIIO €10 JeHCTBUAS HA NPOU3BOALHYIO
Pyrryuro danroz0 Kaacca.

13



2.2. AJarebpa omepaTopoB

OnpetesiuM BarkKHeHIIHE MIpaBuia ajaredpandecKux JeWCcTBUil HaJI orle-
paTopamu.

1°. OnepaTopHOe paBEeHCTBO F=aG. OmnepaTtopsbl FuG PaBHBI JIPYT
TPYTY, €CJIi IPU UX JeHCTBAN Ha OJHY U TY K€ npouseoavryro pyHKIuo |
V(&) momydaroTcst OIMHAKOBBIE (DYHKITHM.

FU(z) = GU(¢).

B kadecTBe mpeocTepekeHnsi pACCMOTPUM JelCTBUE ONlepaTopoB F =

~ 2
=—¢uFy= d_£ ra dyaknmo e~ ¢ /2. CoBnajeHne pe3yIbTATOB He 03Ha -
d
em paBeHCTBa, & = —&, TIOCKOJIBKY OHO BBITIOJIHSAETCS HE OAfA NPOU3BONL-

Hnoti byukimu. [IpoBepbTe 93TO CaMOCTOATEIbHO A (DYHKITAN 56_52/ 2,
2°. HyneBoii onepatop 0. Omneparop OyaeT HyJIEBBIM, €CJIU IIPU €T0
nmeficTBun Ha npouseoavhyto Gyurmmio V(£) pesynabraToM OyIeT TOKJe-

CTBCHHBII HYJIb:
def

0w(¢) = 0.
Insmka Ham HYJIEBBIM OIEPATOPOM, KaK IIPABMJIO, HE CTaBUTCsSI. Bmecto
9TOrO IMHUINETCS YUCJI0 HYy/Ib. 3JIeCh U Jajiee cuMBoJ «def» momuepkuBaer,
9TO TPUBEIEHHOE PABEHCTBO ABJISIETCS OIPEIeIeHUEM.
3°. Eaunuanslii oneparop 1. Oueparop 6yIeT e MHITHbIM, eCJIH €r0
nmeficTBue Ha npousgosvryto GyHKIMo V(&) He U3MEHsIeT MOC/IeHIO:

1w(e) € we).

[IInanka HaJI € UHUYHBIM OIIEPATOPOM TOXKE, KaK IIPABUJIO, HE CTABUTCH.
BmecTo 3T0oro mumercs 9uciio eauHuIa.

4°. VMHOXKeHUe omeparopa Ha KOHCTaHTy: of. [Ipu yMHOXKeHUH
olrepaTopa Ha KOHCTAHTY II0JIy9aeTCs HOBLIA olrepaTop, AeificTBIe KOTOPOIo
Ha npoussosvryto Gyrrnmo V(&) 3amaeTcs MpaBUIOM:

(aF)W(€) < a[FU(e)].

5°. CyMmmMa orepaTopoB: F+@G. Cymmoit orrepaTopoB F u G HasbiBa-
eTCsl OTIepaTop, JAeHCTBUE KOTOPOTO Ha NpoudsosvHyto MyHKiuoo W 3akIro-
JaeTcs B He3aBUCUMOM JIefiICTBUM Ha Hee KaxKJI0TO ollepaTopa Mo OTAe/bHO-
CTHU C TIOCJIETYIONIUM CJIOYKEHUEM Pe3yIbTaTOB:

(F+ &)U < (F0) + (GU).

1 M3 nannoro kjacca — 31ech U gaJiee.
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[TockoabKy cymMma (DyHKIUHA HE 3aBUCUT OT IOPSIKA CIEIOBAHMUS Clara-
EMBIX, CYMMGA ONEPAMOPOS MOHCE HE 3ABUCUM OM NOPAOKA CAC0BAHUA
caazaemolr. VIHBIMI CJTOBAME, CYMMGA ONEPAMOPO8 6Ce200 KOMMYMAMUESH
(T. e. Bceryia MOTIMHSIETCS «IIEPEMECTUTEIHHOMY 3aKOHY» ):

F+G=G+F. (2.1)

. IIpoun3sBenenme omepaTropos: FG. [IponsBeienreM ormepaTopoB
Fu G Ha3bIBAETCS ONEPATOP, JefiCTBIE KOTOPOTO Ha NPouU38osvHyto PyHK-
nuio ¥ 3akjIovaeTcd B MOCTIE0BaTEILHOM JAeCTBUM Ha Hee CHAYAJa Olle-
paropa (G, a 3atem F'

(FQ)U & F(GD).

B oTyimune ot cyMMBbI, IpOU3BEIEHNUE OIEPATOPOB B OOIIEM CJIYUae 3aA6UCUIM
om nopAdKa caAedo8aHUA COMHONCUMENET:

FG # GF,
T. €. npouseedenue onepamopos HEKOMMYMamueHo (T. e. He MOTINHSIET-
Csl «IIEPEMECTUTETbHOMY 3aKOHY» ). Ecjm Bce yKe MMeeT MeCTO PaBEHCTBO
MeZKJTy TPOU3BEIeHUSIMU FGuGF , TO OIIEPaTOPBI F u G Ha3BIBAIOT KOM-
MYMUPYIOULUMU.
B kxBaHTOBOIT MexaHUKe OKa3bIBAETCHA YIOOHBIM BBECTU CIEIUAIHLHYIO

KOHCTPYKIIUIO, TIOCTPOEHHYIO U3 MPOU3BEJIeHUIT OepaToOpoOB, — KOMMYMAa-
mop:

[F,G) = FG - GF. (2.2)

O4eBuIHO, 9TO B C/Iydae KOMMYTUPYIOIINAX OIIEPATOPOB OH CTAHOBUTCS HY-
JIEBBIM OIIEPATOPOM.
Tak>Kke BBOJUTCA aHMUKOMMYMAMOP:

{F.G} = FG + GF. (2.3)

s aHTHKOMMYTaTOpa HHOTIa UCHOJIB3YeTCst 0003HAEeHNe [F G]
7°. OGparHbiii oneparop: F1 . Onreparopom, oOpaTHBIM K F Oyzem
HA3BIBATH TAKOIl omepatop I, JUIst KOTOPOTO BBIIOJTHSIETCS COOTHOIIEHNE:

def def
Flp < pp—1<1,
B COOTBETCTBUU C HGKOMMYTaTI/IBHOCTBIO HpOI/ISBeﬂ;eHI/IH yKa}KeM Ha HeKOp-
. F .
PEKTHOCTH 3amuceit Tuna —. HeobxoamMo nCIoIb30BaTh OOpaTHBIN orepa-

top: FG™! 6o G™1F (11pu 9TOM MOTYT TIOMYYUTHCS PATUIHBIC Pe3YJlhb-
TATHI).
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8°. Ilesasa moJiO>KUTEJbHAasi CTEleHb omeparopa: F". 9T1o n-
KpaTHOe IepeMHOKeHue oneparopa F' Ha cebds:

A ROy 35

n pa3

A

9°. Omneparop noj 3HakoMm dysakimu: f(F). Ecin dyukmusa f(z)
JIOTyCKaeT pasJioxkenue B psiji, Teiljiopa B OKpECTHOCTH HYJIsI

oo

f(Z) = chzna

n=0

TO orepaTop F' 1oj ee 3HAKOM OIpee/IgeTCs CJIe YoM 00pa30M:

o0

f(F) dzefzcnzn

n=0 z=F

Takum obpaszoM, JijIsT BHECEHUSI OllepaTopa Mo/ 3HaK (PYHKITUNA HEOOXOINMO
3HaHuEe KOIPDUIIMEHTOB TEHIOPOBCKOTO Pa3JI0XKEHUS ITON PYHKIUH.

Omnpenenenns: 1°-9° MUPOKO MCHOJB3YIOTCSI TPU BBIBOJAE PA3TUTHBIX
omepaToOPHBIX TOXKaecTB. [IpeqmaraeM dnTaTe 0 CaMOCTOSITEIHLHO YOe I Th-
csl B CITPABEJIMBOCTU TOXKIECTB:

N
o

[A, A] = 0. (2.5)

ITpumep 2.2. Buisecmu «couemameavhulll 3aK0H» 044 ONEPATMOPOS:

A A A

ABC = A(BC) = (AB)C. (2.6)

Perrenne. 3akon (2.6) BBIBOIUTCS 9JIEMEHTAPHO U3 OIPEJIEJIEHUs] IPON3Be-
JIeHus1 orlepaTopoB 6° W onmepaTOpHOTO paBeHCTBa 1°. [

B kBanTOBOIT MexaHUKe O60JIBINTAsT POJIb OTBOJIUTCS TaK HA3BIBAEMbBIM JIH-
HEIHBIM ollepaTopaM, KOTOPbBIE YIOBJIETBOPSIOT YCIOBUIO

F(a¥ + 8®) ¥ aFV + BED (2.7)

JIJIst TPOU3BOIbHBIX (byHKIMH P, U u npou3BOJIBHBIX KOMIIJIEKCHBIX KOH-
CTaHT «, [3.
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s 86inoareHUA NPUHUUNG CYNEPNO3UUUL COCTNOAHULT ONEPATOPYHL PU-
BUMECKUL BEAUMUH 00A3aHDL OIMD AuHeTHoLmu. B maabHeieM BCIoLy, ecan
HE OrOBOPEHO 0C000, OIePaATOPhI MPEIIIOIATAI0TCS JIMHEHHBIMU.

Pekomenmyem camMocTOATEIHHO JOKA3aTh CJIEIYIONINE CBONCTBA OWJIH-
HEMHOCTU KOMMYTaTOopa:

[A, BB +7C] = B[A, B] +~[A, (],

o o O (2.8)
A+ B8B,C] = alA,C] + B[B,C].

IIpumep 2.3. Busecmu «pacnpedesumesvHuili 3aKoH»> OAA ONEPAMOPOS:

[

+ AC,
+ BC.

Uj>

A
A

B+
(2.9)
_|_

Q> \-/>
|

Q>

%

(A+ B)
Pemrerne. JIna npouszBoibHO#l dyHKmu W BBITIOIHAEM IOCIET0BATE b
HOCTb TPeoOpPa30BaHMIL:

(5°) (2.7)

AB+ 0w 'Y A3+ v D ABY + cw)

— A(BY) + ACW) D) (4B + (AC)w L) (AB + AC)w

B coorBercTBun ¢ onpejiesienneM 1° TPUXOAUM K TIEPBOMY OIEPATOPHOMY
paBeHCTBY (2.9). AHAJIOIMYHO BBIBOJAUTCS M BTOpoe ToXaecTBo (2.9). [

ToxectBa (2.6) n (2.9) mMOKa3bIBAIOT, 9TO HIPH AJIreOPAMIeCKNX Ipe-
06pa30BaHUsIX C JIMHEHHBIME OIEePATOPAMI MOXKHO TOCTYIIATh KaK ¢ OOBIY-
HBIMU gucaaMu. Hedonycmumo auwn npoussosvro udmerams nopadox co-
MHO02AHCUMENET 8 NPOUIBEIEHUAT OE3 YUeMa NPABUNL KOMMYMayuL. B dact-
HOCTH, 3G CKOOKU MOJMCHO BbiHOCUMY AUOO MOAbKO Kpatinud Ae6vidl, Aubo
moavko kpatinud npasui onepamopsv, (M. (2.9)).

Ecnu BO3HHKaeT HEOOXOAMMOCTh U3MEHEHHUsI MOPSIIKA COMHOXKUTEJIEN,
TO HEOOXOJMMO YUIUTHIBATH KOMMYTAIMOHHOE COOTHOIIIEHUE MEXKJLy Ollepa-
topamu. Ha ocHoBe (2.2) Jierko BBIBECTH CJIEJIYTOIIEE TOKIECTBO:

FG =GF + [F,G]. (2.10)

IIpumep 2.4. Packpumod ckobKu 8 Npou3eedeHuaAr 0nepamopos:

(F-Q)(F+@G); (F+@)>
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Pemrerne. 1lpeobpa3zoBanus OCYIIECTBJIIEM C UCHOJIb30BAHUEM TOXKJIECTB

(2.1), (2.9):

(F-G)(F+G)=FF+G)-GF +G) =
P FG-GF =F2 - G2+ [F,G);
—_———
e

(F+G)?=(F+G)(F+Q) = (F+G)+G(F+G)

20 2 oG+ G2 - B, Q.

2 2
=2+ G*+ FG+ G’F
N———
{F,G}

MpbI HaMEpEHHO TPEICTaBUIN Pe3ybTaThl B (hopMe, Hambojee OJIUBKOM K
COOTBETCTBYIOIINM TOXKJIECTBAM JIJIT OOBIYHBIX uncesa. OTiimyne 3aKJova-
eTCs B JOTIOJTHUTEJILHBIX CJIaraeMbIX — KOMMYyTaTopax. B ciiydae OObIHBIX
YUCEsT 9TU KOMMYTATOPBI TOXKIECTBEHHO O0OPAIAIOTCS B HYJIb. ]

A~

FG)™! wepes F=1 uw G 1.

Permrerne. JIlerko mokazaTh, 9TO Fl1=1F =
IIo onpenesenuio obparHOro omeparopa 7°,

IIpumep 2.5. Bwipazums onepamop

F' (cnemnaiire camocTosiTennpmo!).

(FG)(FG)~ ! =1. (2.11)

[Tpeobpaszyem aeByto gacth (2.11) B COOTBETCTBHUY C «COYETATETHHBIM 3aKO-
HoM» (2.6) u jomHONKUM 06Ge uactu (2.11) caeea cHavana na F~1) a zarem
na G~1. B pesyibTaTe MOIyTHIM TOXKIECTBO:

(FG)"' =G tF 1, (2.12)

Takum obpazoM, obpawerue Npoudsederus udmeriem nopadox caredosatus
commoorcumenets Ha NPomMueonosodcruli. Toxmecrso (2.12) maumaunit pas
JIEMOHCTPUPYET OTJIUYNE OTEPATOPOB OT OOBIYHBIX umces. K ke onepa-
TOPBI KOMMYTHPYIOT, MbI IIPUXOIUM K TPAJIUIIMOHHOMY IIPABUILY OOPAIEHMS
ITPOU3BEIEHUS YUCET. O

IIpumep 2.6. Bupasumbv Kommymamop [fl, BC’] yepes KOMMYMaAMOoPvL
[A, B] u [A,C].
Perrerne. HpMBe;LeM BHaYAJIe JIBa BCIOMOIaTe/IbHBIX TOXKIECTBA:
1) F+0=1F;2) F— F =0 (1okazars camocrosTensHo!).
JarbHele BBIKJIAIKH MBI OCYTIIECTBJIsIeM 0e3 Mo IPpOOHBIX KOMMEHTa-
pHeB:
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[A,BC] = [A, B]C + B[A, (). (2.13)

[ToryvueHHOE TOXKJIECTBO YPE3BBIYANHO YJIOOHO MPU «YITPOIIEHUN> KOMMY-
TaTOPOB. [

Sagadum aJisi CAMOCTOSITEJILHOTO PelleHus

6. /lokazaTh TOXKIeCTBA:

7. Jokazars Toxkaectsa (2.8).

8. /lokazars ToxKmecTBo fKoOM:

A A A A ~ A~ A A

[A,[B,C)] + [C,[A, B]| + [B,[C, A]] = (2.14)

9*. Pazyoxutsb oneparop (F — AG)~! mo crenensm masoro mapamerpa A.
o0

(Omsem: (F —\G)™! = Z(Aﬁ’_lé’)")

n=0

10*. JlokazaTh ToxKJIecTBO bekepa — Kammnbena — Xaycaopda:

~ A

F G = G+ [F, Gl + o [F,[F,G]) + o [, [F, [F,GI] + .

1}*, st oniepaTopoB,  y/IOBIETBOPSIONINX YCJIOBHSIM [13’, [ ]3’, G]] = 0,
|G, [F,G]] = 0, nokazatb ToxkaecTBO Beits:
oF+G _ —3F.G] PG
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Tabauma 2.1

Onepamopm OCHOBHDBLIT gﬁ’U/S’U/"{,GC’KZU.’E GEAUUYUH

Ne | Benumunna OmnepaTop [Ipumeganue
1 | xoopauHara T r=r r¥(r) =r¥(r)

0 0
2 | UMIyabC P p = —ihV p= —iﬁzk: eka—xk = _iﬁa—r
3 | opb. momeHT L L= [r x P]

A2 2
~H P P h oo
4 . T T=-"— TV (r) =——-V°VU
KUH. SHEPTHUsI "= o A (r) ZmV (r)

5 | morent. sueprus V | V =V (r) V¥ (r)=V(r)¥(r)
6 | mommasismeprus E | H=T+V H — zamunrvmonuan
7 | gwernoctn P I — umsepcus | IW(r) = U(—r)

2.3. OmnepaTtopbl pa3jJINYHbIX PU3NIECKNX BEJININH

B Tabsaute 2.1 cobpaHbl ormepaTopbl BaXKHEUINX (PUBTIECKUX BEJIUINH
(3mech m majiee m — macca JacTuilel). [lepBble 1mecTbh U3 HUX UCIOIB3Y-
IOTCsI KaK B KJIACCHIECKOH, TaK W B KBAHTOBOI MexaHUKe. UeTHOCTh »Ke
SIBJIFETCS IMCTO KBAHTOBOI XapaKTEePUCTUKON MUKPOooObeKTOB. IIpepiara-
eM CaMOCTOSITeJIbHO yOeIuThCsI B IMHEHHOCTH TPUBEIEHHBIX OIIEPaTOPOB.

B manHOM maparpade Mbl 6y/1€eM BBIUUCIATH KOMMYTATOPHI (T. €. HaXO-
JINTH UX SIBHBII BUJ]) OMIEPATOPOB BasKHEHMNX (HU3NIECKUX BEJTIMINH.

BrauaJje paccMoTpuM orrepaTopbl KOOPAWHATHI U UMITyJbca. st ymoo-
cTBa MbI OyJIeM TOJIb30BATHCS JIEKAPTOBBIM 0A3MCOM.

IIpumep 2.7. Boruucaums Kommymamop [z, pz).

Permrerne. CorytacHO cBoeMy OIIpeIesIeHNI0, KOMMYTATOP SBJISETCS OIlepa-
TopoM. [loaTOMy ero sBHBIIT BUJ MOXKHO HAiTH, TOAECTBOBAB UM Ha MPO-
n3BOJIbHYIO byHKIU0. M3 Tadbaumbsr 2.1 Bo3bMeM SIBHBIM BHUJ OllepaToOpa
HPOEKIINU NMILYJICA:

by = —ifi a%' (2.15)

B coorBercreum ¢ (2.15) u onpejenennem npoussejienus 6°, mmeeM:

ov
Am\II - Ax\II = -1 a
xp (P V) ihz o
R . ., 0 . ., OV
P2V = pp(x¥) = —ih pp (x¥) = —ihV — ihz -
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Ha ocuoBanum 4° u 5° nosrygyaem:
[, P |V = 2p, ¥ — PV = ihV. (2.16)

[TockosibKy paBeHCTBO (2.16) JOMKHO BBIMOJIHATHCS JJIsT ITPOM3BOJIBHOIM
bynkmmu ¥, MbI, cOrIacHo 1°, TPUXOIAM K OMEePATOPHOMY PaBeHCTBY 2:

[z, p.| = ih. (2.17)

OmneparopHoe ToXk1ecTBO (2.17) sIBIsSIETCS OJIHUM U3 OCHOBHBIX COOTHOIIIE-
HUII KBAHTOBOW TEOPUMU.
AHaJIOTUIHBIM 00pa30M MOXKHO IOKA3aTh, YTO

[xaﬁﬂv] - [yaﬁy] - [Zaﬁz] - lha

T. €. onepamopsv, Jexapmosot Koopduramovt U 0OHOUMEHHOT NPOEKUUL UM-
nYyavea we xommymupyrom. Ilapbl 3TUX omepaTopoB HA3BIBAIOT TAK¥KE Ka-
HOHUYECKU, CONPAAHCEHHDLMU. O

IIpumep 2.8. Buwucaumo xommymamopo: 1) [x,Dy]; 2) [z,y]; 3) [De,Dyl-

Perrenune.
1. KommyTrarop |z, ﬁy] BBIYMCJISIEM 10 AHAJIOTUHU C IIPEAbLIYIINM IIPUMe-
POM, OJHAKO, BCJIEJICTBHE HE3aBUCUMOCTHU II€PEMEHHBIX T U Y,

pyr¥ = —ih gy (x¥) = x| —ih % U = ap, V.

Taxum obpasom, [z, p,] = 0 (B cMbIciIe HyI€BOrO OIEPATOPA.).

JlarHoe yTBepKIeHIEe MOYKHO O00DIIHUTE: Pa3HOUMEHHbIE DEKAPIMOBDL KO-
OPOUHAMDBL U NPOEKUUU UMNYADCOE KOMMYMUPYIOM.

2. OnepaTop KOOPAUHATHI SIBJISIETCS OOBIYHBIM YUCJIOBBIM MHOXKUATEJIEM.
3HavdeHne MPOM3BEIEHUS YNCEJ HE 3aBUCUT OT IOPs/IKA CJIEIOBAHUS CO-
muokuTeseit. [lostomy [x,y] = 0. Boobre, ece dexapmosv, koopduramol
KoMMmymupyrom opye ¢ dpy2om.

3. Ilpoussenenue p,p,, B COOTBETCTBUHU C ompejesenuneM 6°, ¢ TodY-
HOCTBIO JI0 TIOCTOSTHHOTO MHOXKUTEJIsI SIBJISIETCsI CMEIIaHHON ITPOU3BO/I-
noit. CMmenranHuble TPOU3BO/IHBIE (DYHKIIUI, YI0BIETBOPSIONINX CTaHIAPT-
HBIM YCJIOBUSIM, HE 3aBUCAT OT HopsijakKa guddepentiupoBanus. [loaTomy
[Pz, Py] = 0. Kak u B caydae ¢ KoopAauHaTaMu, 6ce JeKapmoss, KOMNOHeH-
MbL UMNYALCE KOMMYMUPYIOM Opye ¢ Opy2om. ]

2 Crporo rosopsi, B MpaBoii JacTu (2.17) cnenosaJgio 6bl, B cooTBeTCTBUU C 1°, TIOCTA-
BUTH iAl, HO, KaK IIPaBUJIO, EAUHUYIHBIN OIIEPATOP 3/IECh HE yKa3bIBAETCS.
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O60061IM Tenephb Pe3yAbTATHI IPEIBIAYINNX ABYX IIPUMEPOB, BBEI 000-
3HAYEHUS X1 =T, Tog =Y, L3 = 2; Pg = P1y - - -

[z, Pi] = 1k ; [k, 2] = 0; [P, D1] = 0. (2.18)

ITpumep 2.9. Buruucaumod KOMMYMAMop [r,f)Q].

Perrrenne. Bauauasie 3anumiineM KOMMYTATOD B JIEKAPTOBBIX KOMIIOHEHTAX, 3a-
TEM BOCIIOJB3YeMCsl CBOMCTBOM OunHelinocTu (2.8). YIpoCcTUM HOJIyYInB-
mrecss KOMMYTaTOpbI 1o npasuiy (2.13), ocraBiimecss KOMMYTATOPBI BbI-
YHCJIUM B COOTBeTCTBUU C (2.18):

. L (28) . (213)
v D7) =) entr, Y D] = Y ex[rn,pip] =
k l .l

A -1y (218
= er{lzx, pilpr + Pilzr, Pi} . 2ih ) " exbpipy = 20Mp.
kol kol

JlaHHBIi TpUMep HAIVISJHO JEeMOHCTPUPYET HUCIIOJIb30BAHUE IIPABUJIA,
«ymporienust» (2.13). O

IIpumep 2.10. Buyucaums xommymamop [f(x),p.], ede f(x) — dudge-
peHUUPYEMAA PYHKUUA KOOPIUHAM.

Permmrenne. Pemmenne moJTHOCTHIO aHAJIOTTYIHO TIpUMeEPY 2.7, ¢ TOI JINIb pa3-
HUTIIEl, 9TO MHOXKUTE/Ib & 3aMeHsieTcst Ha f(x):

R ., 0 B 0 f ., OV
o) 0 = —ih ()0} = ~ih S w —inp S
B KOHEYHOM UTOre MOJIy9IaeM COOTHOIIEHHE
£ (a)..] = in 2L, (2.19)
obobrmaroree (2.17). O

IIpumep 2.11. Buvucaums xommymamop [V (r),p|, ede V(r) — dudpe-
PEHUUPYEMAA CKANAPHAA PYHKUUA KOOPOUHAMN..

Perrrenne. 3anuiiem BHaUaJ € BCe BEKTOPHbBIE OTIEPATOPHI B JIEKAPTOBOM Oa-
3uce:

[V (r).p Zekpk ) Ze V(r), o) = mz epam- 6%
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Bcnomunasi Buj rpajineHTa B JeKapTOBOM Oa3uce, IOJIyYdaeM:

[V (r),p] =ihgrad V(r). (2.20)

Ouesn o, coornomenne (2.19) ects gacTHplii cayqait (2.20). O

IIpumep 2.12. Buwuucaums kommymamopw, [r, H|, [p, H|, npednosaeasn
U3BECMHLIMU 6UJ NOMENUUAALHOT dHepeuy V (1) u maccy wacmuys, m.

Permrerne. OcHoBBIBasiCh Ha JAaHHBIX TaOJHIBI 2.1 W pe3yabTaTe IIPUMe-
pa 2.9, nmeem:

: p’ 28 1 in

5 M+ [ V()] = —p.
m ——— m

0

Bropoit kKoMMyTaTOp BBIMUCIUM U3 coOTHOIEHus (2.20):

~ 2

. ) ) —(11.5) =~ V)5 2 o 6] V(). 5]
0
= —ihgrad V(r).
O6mbscaute, mogemy [,V (r)] = 0, [p*, p] = 0.
Beinuiem renepb pes3yJIbTaThl:
A ih .
[r, H] = P (2.21)
[p, H] = —ihgrad V(r). (2.22)

JlaHHbIe TOXKJECTBA WCIIOJb3YIOTCS IIPU BBIBOJE HEKOTOPBIX (QyHIaMeH-
TaJbHBIX COOTHONICHUN KBAHTOBOW TEOPUU. [

PaccmoTpuMm Teneph omepaTop OpOUTAJIBHOTO MOMEHTA, i}, AT MOMEH-
ma xoauvwecmsa deuscenus. Ero mekapToBbl KOMIIOHEHTHI BHIPAYKAIOTCS Ue-
pe3 KOOPJIMHATY W IMTPOEKITNIO MMITYJIBCA C TIOMOIIBIO CJIEIYIONET0 COOTHO-
IIIEeHU

fzk = nglmxlﬁm- (223)

lm

31ech £,y — cuMmBodl JleBu — YuBura. Ero cBoiicTBa cOOpaHbI B IIPUIIOZKE-
aHuu B.

ITpumep 2.13. Buiuucaumsd KOMMYMamop [xk,f)l].
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Pemenne. Ilpencrasum L, cormacuo (2.23):

~ . (2.23) o, (2.8) . (2.13)
[xkzaLl] — [xkazglmnxmpn] — Zglmn [xkzaxmpn] —
m,n m,n
= Zé?lmn{[il?k, Ton) D + T [Tk, Pn]} = iﬁZelmka:m = iﬁZEklmxm-
o T ?5/_/ — —
kn

Ha mocnemnem mare Mbl ¢ie1aan IMUKJITIECKYIO TIEPECTAHOBKY WHJIEKCOB,
OT KOTOpOW 3HavueHre cuMBoJIa JleBn — YuBura He m3ameHnseTcs.
[IpuBeniem oTBeT:

[xk,f)l] = lﬁz EklmTm,- (2.24)

ToxxaectBo (2.24) comeput B cebe 9 TPUBHAIBHBIX COOTHOIIEHUI:

[, La] = [y. L) = 0; [y, Ly] = 0;
[ L ] ihz; [ya ffz] = ihw; [Z, f/x] = ihy;
ly, Ly] = —if z; 2, L,] = —ih; [z, L.] = —ihy.

JIerko BU€ThH, YTO UCIIOJIL30BAHUE £-CUMBOJIA Jej1aeT (POPMYJIbl 60JIee KOM-
IMaKTHBIMU.

Takum 06paszoM, B OTJINYHE OT UMITYJIbCA € KOOPAUHAMOU KOMMYMUDY-
10Mm 00HOUMEHHDBLE NPOEKUUL OPOUMANLHO20 MOMEHMA. O

IIpumep 2.14. Buoiuucaumsd KOMMYMamop [ﬁk,f)l].

Perrrtenne. B otyimyane oT npeablayIieil 3aa9u Mbl JIj1si OOJIbINe HATJIsITHO-
ctu He OyJeM 37ech MCI0Jb30BaTh cuMBOJ JleBn — Yusura. st onpeme-
JIEHHOCTH BBIYHCJIUM KOMMYTATOP [Py, Lz :

. (2:23) (2.13)
(b, L] [Pa, yD=] — [Py 2Dy] =
= - [yapm]pz +y [ﬁmaﬁZ] + [Z,ﬁx]ﬁy -z [ﬁx,ﬁy] = 0.
N—— —_—— N — N—_——
0 0 0 0
Takum obpaszom, X
[Pz, L] = 0. (2.25)

Taxkoit ke pe3y/IbTaT MoJIyvYaeTcs u npu 3amene B (2.25) x — y, z (mpoBepb-
T€ CaMOCTOSITETHHO!), T. €. onepamopv. 0OHOUMEHHVLT NPOEKUUT UMNYALCA
U OPOUMAALHO20 MOMEHMA 6Ce20a KOMMYMUPYION.
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AnaJsiornyHbIM o6pa30M BbIMHUCJIUM CJICOYIOIHNE KOMMYTaTOPDI:

“ ~ (2.23) “ “ “ N (2.13)
[pos Ly] =" [Pa, 2Pa| — [Pz, xp2] =
= - [Zaﬁm]ﬁm + 2 [ﬁmaﬁm] + [xaﬁm]ﬁz —Z [ﬁmapz] =1ihp,.
—— ——— N N——
0 0 ih 0
n
R 2 (2.23) N R N N (2.13)
= — [y, Pyl D= + 2 [Py, D= + [2,Dy] Dy — 2 [Dy, Py] = —1RD.
S—— —— = S——
ih 0 0 0

Takum obpaszom,
[Pz, Ly] = ihpz;
[Dy, L] = —ihp,.
HermocpeacTBenuoit mpoBepkoil (BBIIOIHATH €€ CaMOCTOSATEIHHO!) MOXKHO
yOeInThCsI, 9TO CTPYKTYpa BbIpaykeHnil (2.26) He MEHSETCH IPHU IIPOMU3-
BOJIBHOMN ITUKJIMIECKON II€PECTAHOBKE MHJIEKCOB T, Y U Z, T. €. ONepamopovl
PAHOUMEHHDIT NPOEKYUUT UMNYALCA U OPOUMANLHO20 MOMEHNG HE KOMMY-
mupyrom.
YroomsinyTast cuMMeTpust BhIpazkenuii (2.25) u (2.25) mo3Bosser ux 00b-

eJINHUTH C MCIOJIb30BaHneM cuMBoJia Jlesn — Yusura (IpoBepuTh caMoOCTO-
SITEJIBHO! ):

(2.26)

JlaHHOE COOTHOIIIEHNE MOJHOCTHIO aHAJIOIMYHO CBONCTBY (2.24) ¢ 3aMeHOi
T — ﬁk O

ITpumep 2.15. Bouucaums KomMmymamop [f/k,f/l]

Pemmrenne. llpennmaraeM BHadaje CaMOCTOSTEIHHO TOJYYUTH CJIEIYIONIEe
BCIIOMOI'aTeJIbHOE TOXKJIECTBO:

[xsﬁta xoﬁT] =ih 57’33701315 —ih 5at$5ﬁ7- (228)

[ToacraBuM Temepb B KOMMYTATOD OIEPATOPHI TPOEKIHii B Buje (2.23):

A~ (2.23) . . 1 (2.8) . . 4 (2.28)
(L, L] =7 1) erstsbe, D Clorobe] = Y EkatCior [TsPr, Tobr] =
SO

t
s oT i
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. . . . (B.15)
= ih E Lo Pt E Etks €los — ih E LsPr E Ekso Erlec =
ot s ST o

— lﬁz xaﬁt (5tl 51{:0 - 5t0 5]91) - lﬁz :UsﬁT (51{:7' 53[ - 51{:[ 58’7’)'

ot ST

[Tepeobo3nauum B mocjieaHelt cymme Oeryiime WHIEKCh S — 0, T — t:

o o . “ (B.15) , ~
(L, L] = lﬁz ToPt (01t Oko — 016 Okt) = iR Z ElkmEtomToPt =
ot otm
- lﬁz Ekim Z 5matxoﬁt = lﬁz 8klmj-/m-
m ot m

L
[Tpu BbITOTHEHNN BCEX BBIYUC/IEHUN MBI PETYISPHO UCIIOJIHL30BAJIN TIepecTa-
HOBOYHBIE CBOIicTBa cuMBoJia JleBn — YuBura. Buimuimem Terepb OKOHYA-
TEJIbHBIA pe3yJIbTar:

[Li, L) =30 egtm L. (2.29)

ToxxaectBo (2.29) cocTonT M3 TpeX TPUBUAIBHBIX COOTHONICHUIA:
(Lo, Ly) =ihL.;  [Ly, L) =ihly;  [L.,L.] =ihL,.

Nx moxkHO OB17I0 OBbI TOTYYIUTH U 6€3 UCIOJIb30BaHus cuMBoJia Jleu — Hu-

BHUTA HA OCHOBE TPUBUAJIBHBIX KOMMYTAITMOHHBIX COOTHOIIIEHU N, HAMIEHHBIX

B IIPEJbIIYINUX IPUMePax. O
L L2

IIpumep 2.16. Borucaums kommymamop [Ly, L ].

2
Pemmrenne. 1lpencraBum L B gekapToBOM Oa3uce:

. .2 R o (2.8 A . . (213
L L) = (L, YL 2 S [, L) P2
I !
A e s (2.29) . A
= Z {Lk, Li)Ly + Ly[Ly, L]} = lﬁz€kzm(LmLz + LiLy,) =
l Ilm
= ihzglﬂlmf/mf/l + iﬁzgklmf/lim-
Ilm Ilm

B mniociienneit cymme nepeobo3HadnM Oeryiiue WHIEKCHI [ < m U BOCIIOJIb-
3yeMcs IIePeCTAaHOBOYHBIM CBOMCTBOM £-CHMBOJIA:

A A2 . A A . A A
(L, L) =10 (him + €kmt) Lin Ly = 11) (ektm — Epim ) Lin Ly = 0.

lm Ilm
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Takum obpazom, keadpam 0poOUMAALHO20 MOMEHMA KOMMYMUPYEM C A0~
601l e20 mpoexyuer:

iy, L] =0. (2.30)

Toxaecrsa (2.29) u (2.30) oYenb BayKHBI B TEOPUHU YITIOBOTO MOMEHTa. [

FEcmm BO Bcex mosydeHHBIX B JIAHHOM pa3jiejile KOMMYyTaTopaxX CJeaTh
npeJieTbHbIN Ttepexost i — (0, To Bce KOMMYTATOPhI 00paTATCs B HYJIb. TaKoii
pe3yJIbTaT HE MMPOTUBOPEYUT KJIACCUIECKON MEXaHUKE.

Sagadm OJisi CAMOCTOSTEJILHOTO pPelleHns

12. PackpoITh CKOOKMI:

A A A 2 A 3
x Yy € b x b x b
Zo Do Zo Do Zo Do Zo Do
31ech Tg, pg — KOHCTAHTHI C PA3MEPHOCTHIO KOOPJIUHATHI U UMITYJIbCA CO-

OTBETCTBCHHO.

1. Buscanrn xossyratopn: [r,(rp): [por?: 2 (rp)): [, (rp)]:
(r?, H; [p°, H); [(rp), H).

14. /lokazaTb TOXKJIECTBO:

[A(r),p] = iAdivA(r),
rie A(r) — muddepenmupyemast BeKTopHasi (PYHKIHST KOOPIMHAT.
15. Joxasars, uto [p X 7] = —L.

16. Tokazarp coorHomenus (2.29) 6e3 mcnosab3oBanus cuMBoja JleBm —
Yusura.

« 2
17. 3anucars onepaTopbl L, u L B chepudecknx KoopaAnHATAX.
(Omeem:

- 0

L. = —ih—. 2.31
5 2.31)

i pev? -2 |9 (qne D 1 &

L' ="V, =—h [Sinﬁ 00 (sm@ 89) * sin® @ O¢? ) (232)

A

18. Beruncaurs kommyraropst: [L, 72]; [L, p°]; [L, (rp)].

19. /TokazaTh TOXK/IeCTBA:

[f(r), L] = i x gradf(r)];
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hrrotA(r);

[A(r), L
lg(r), L”

rne f(r), g(r), A(r) — muddepennupyembie GYHKIIMH KOODITHAT.

]
]

2.4. DPMUTOBO COIIpAKEHHE OIlIepaTopoB

Omnepatop FT naswBaeTcst opmumoso conpascenivim 1Mo OTHOMIEHUIO K
F, ecnm s npoussonvroir dyukimit @(€) n U(€) BHIIOTHSIETCS PABEHCTBO:

[er©rtuea® [voreead (2.33)

Uurerpasst B (2.33) ymo0HO 3aUCHIBATD B QUPAKOSCKUL 0003HAUEHUAL:
(W] ET ) = (@] FW)". (2.34)

Koncrpykiust (O] F|U) HASBIBAETCS MAMPUUHOLM 2AEMEHITIOM OLIEPATOPA
F mexy cocrosiamsivu |U) i |®). «OBKIAIKH» SIBIISIOTCS AHAJOIOM MaT-
puaHbIX wHIeKCOB. Ompesenenne (2.34) cOOTBETCTBYET OIPENEIEHUIO P~
MHUTOBO COTIPSIZKEHHOW MaTPUIIBI.

Ecmm neiicrBue oneparopa Ha (PYHKIIMIO CBOIUTCS K €€ YMHOXKEHUIO Ha
nexoropyio dyukmmio ¢(£): FU(E) = ¢(£)¥(£), 10, KaK JErKo BHIETH U3
onpe/IesIeHni,

cl(€) = ¢*(6). (2:35)

o \f
IIpumep 2.17. Hatimu (—) :
Ox

Perrenne. Bocnonssyemest onpesieniennem (2.33) u mpeobpa3yeM HHTErpa
MHTEIPUPOBAHUEM I10 JACTSIM:

[ v e [

o0 400 )
— U(2)3 (2) —/ <I>*(x)(—)\11(:1:) dz.
. o ox
0
Ecmu ipearronoXkuTh, 9TO onepaTop 92 3a/1aeTcsd Ha (PYHKIIHUSIX, HOP-
x

MHUPOBAHHBIX Ha €JIMHUILY, TO PA3HOCTh Ha Ipejesax obOpalaercsd B HYJIb

28



(mockoIbKy Takme (DYHKINU Ha OECKOHETHOCTH 00pararoTces: B Hysh). 1lo-

9TOMY
/_:O *(z) ((%)T U(z)de = /_:O o (z) (—(%)g;(:,;) da.

JlarnHoe paBeHCTBO BBITIOJHAETCS JIjIsi TPOU3BOIBHBIX MyHKIM ¥ n @, Tak
YTO UMEET MEeCTO OIEPATOPHOE PaBEHCTBO:

o\ 0
— | = ——. 2.36
( ox > ox (2.36)
Takum 0OpazoM, npu IPMUMOBOM CONPANHCEHUU ONEPAMOP NPOU3EOIHOT Me-
HACM, 3HAK. ]

ITpumep 2.18. Jloxazamv, wmo (F]L)Jr = F.

Perrrerne. Bocrionb3ayeMcst olpeiesieHneM SPMHUTOBA, CONPSIKEHUS B JIAPa-
KOBCKHUX 00O3HaueHusX (2.34) ABaKIbl, a TaKyKe CBOWCTBOM IIOBTOPHOTO
KOMILIEKCHOTO conpsizkeHus [(z*)* = z]:

P2V (g By P2V () Pl

(@] (FN)' @)
[TpouzBOIBLHOCTL B BBIOOPE (DYHKIHI B «OOKJIaJIKaX» JOKa3bIBaeT Tpedye-
MO€ YTBEpPIKJIEHUE. [

IIpumep 2.19. Buwpazumo (FG)T wepes FT u GT.

Permrenne. Ilpu peiictBum oreparopa Ha (YHKIUIO IIOJIYYAETCS JIpyrasi
dbyuknusi. TTosromy, ocHOBBIBasich Ha omnpejesieHnn (2.34), numeem:

A A (2.34) A A N Aoa L (2.34) ) - A
(O (FG)T W) "=7 (W] (FG) [9)" = (V| F|GP)* "=" (G| F' W) =

(2.34) « (2:34)

= (GO | FT) (FT0 | Go)* = (F1U| G |®) (®| G |FTw) =

= (| GTET|W).

Takum ob6paszom, MbI TTOJIyIaeM BazKHOE OIIepaTOPHOE COOTHOIIEHUE:

(FQ)t = GTFT, (2.37)

T. €. IPMUMOBO CONPANCEHUE NPOU3EEOEHUS ONEPAMOPOE UMEHACT NOPA-
dox caedosanus commorcumenet na npomueonoaodchsiti. CuTyarus moJ-
HOCTBIO AHAJIOTUYIHA OOPAIEHNIO TIPOM3BEIeHNsT onepaTopos (2.12). O]
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OHGp&TOp Ha3bIBaCTCA CAMOCONPAHCEHHBIM, UIIA IPMUINMOEbIM, €CJIN OH
COBIIaJa€T CO CBOUM 3PMHUTOBBIM COIIPA2KEHUEM:

ol o) (2.38)

Jaaum orrpejieieHre SpMUTOBA OllepaTopa B MHTErPAJIbHON dopMe Ha, OC-

HoBe (2.33), (2.38):

/ & () FU(¢) de / (&) FB*(€) de, (2.39)

a TaKyKe B IMPAKOBCKHUX 0bo3Hadennsx (2.34):
(| F|0) < (9| F |7)*. (2.40)

Omupenenenne (2.40) mogIepKUBAET MOJHYIO AaHAJIOTHIO C SPMUTOBBIMU MAT-
pUTIAMH.
BBenem Tak:ke ompesiesieHre aHTHIPMHUTOBA OIEPATOPA:

Fre_p

IIpumep 2.20. /loxazamsd camoconpasltceHHocms onepamopa npoexuul UM-
NYADCA Py .

Perrernne.
1 cnocob. 3amady MOXKHO pelaTh 0 MOJTHONR aHAJIOTIN ¢ IpuMepoM 2.17,
T. €., UCXOJIs U3 onpejenerns (2.39), moaydarb paBeHCTBO:

+o0 oo
/ " (x) P ¥(x)dx = / U(x)p,®*(x)dx.

— o0 — o0

MbI peKOMeH/IyeM BBIIOJHUTD BCE BBIKJIAJKH CAMOCTOSITEILHO.

2 cnocob. Bocioib3yemest SBHBIM BUIOM OIIEPATOPA MIPOEKIIUT UMITYJThCa
(2.15), a TakKe yKe JoOKazaHHbIME cBoiicTBaMu (2.35)—(2.37) u onpesere-
HeM B dopme (2.38):

t T

2.15 0 2.37) [ O 0 (215

0 (L 2 ) (2 o = 2 0,

ox

Mp1 moka3alm caMOCOITPS?KEHHOCTH OllepaTopa MPOEKITNN UMITYIbCA. [

CaMOCONPSZKEHHOCTh OIIePATOPa KOODMHATHI IPAKTHIECKH OYEeBH/THA
(obocmyiite!).
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IIpumep 2.21. Jloxazamvb camoconpasicennHocms onepamopa opoumansHo-
20 MOMEHMG.

Perrernne.

1 cnocob. [JokaxkeMm CaMOCOIPSIZKEHHOCTD IIPOEKIMH OPOUTAILHOIO MO-
MeHTa Ha IpOou3BoJibHOE Hampasjenue. Opuentupyem ocb Oz chepudeckoit
CHCTEMBI KOODJAMHAT BJOJIb 3TONO HalpaBjeHus. B Takoii cucreme Koopau-
HAT BUJ omeparopa L, Gymer HanGosee IpoCThIM (2.31). Bynem onuparbest
Ha onpejenerre B dpopme (2.39):

S 231y .. [*" . 0V
/0 P (w)Lz‘If(w)dw(Z)—lﬁ/O D* () (?) dp =

-/O”ww)%;ﬁd@].

= —ih [‘I’*(s@)\ﬂ(s@) )

B npumepe 1.4 ObLI0 MOKa3aHO, YTO BOJHOBasi (PYHKIIMSI, 3aBUCSIIIAA OT
IIOJIIPHOIO yTJla, JJis BBIIIOJHEHUsT YCJIOBHS OJHO3HAYHOCTH JHOJIXKHA OBITH
2m-nepuoandnoii. [TosToMmy pasHocTh Ha mpeenax obpaliaeTcs B HyIb. 113
9TOTO CJIEIyeT CaMOCOIPSKEHHOCTh L,:

/ "B ()L W(p) dp = / W) £ () o
0 0

2 cnocob. Bocriosbsyemest Bujiom L B 1eKapTOBBIX KoopauHaTax (2.23),
IPUHUMAsi BO BHUMaHuUe IpaBuiio (2.37), caMOCONPsizKEHHOCTh KOOPINHATHI
U UMILYJIbCA, & TaKxKe pe3yabTaT 3ajadu 15:

~

B = xpf=—[pxr =L

CaMOoCOmpsi?’KeHHOCTh OIIePATOpa OPONTATBHOTO MOMEHTA JIOKa3aHa (00bsic-
HUTE MOSIBJIEHIE 3HAKA «MHUHYC» ). [l

IIpumep 2.22. /lokazambvd camoconpascernnocms onepamopa UH8epCUl.

Pemrenne. Iloctpoum aBa maTErpasia u npeodbpasyeM ux Ha OCHOBAHUU OIIPe-
JlesieHust oreparopa uHpepcuu (tadsmia 2.1):

/@*(r)f\ll(r)d3r: /CI)*(’P)‘I’(—T) d’r;
/\IJ(T)[IA(I)(T)]*d3T = /\IJ(T)<I>*(—T) dBr=(r— —r)= /CI)*(T)\IJ(—r)d37’.

PaBeHCTBO 9THX MHTErpaJsiOB 103BOJIsIeT HA OcHOBaHUHU (2.33) crenarb BbI-
BOJI O CAMOCOIPSI?KEHHOCTH OII€PATOPa MHBEPCHH. O
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JIerKo ycTaHOBATB CAMOCOIPSKEHHOCTH CyMMbI 9PMUTOBBIX OLIEPATOPOB
FudG. Cux IIPOU3BEJIEHNEM, OHAKO, MOXKET BOZHUKHYTDH ITPObIeMa: JIeJ10
B TOM, 9TO B COOTBETCTBUU C TpaBuyiom (2.37),

POt = G i = GF £ PO
Takum 00pazoM, npou3sedenue IPMUMOBHLT ONEPAMOPOs bydem pMumo-
BVM MOABKO 6 CAYUAE UT KOMMYMAUUU.
U3 npousseieHnit JBYX SPMUTOBBIX OIEPATOPOB MOXKHO, TEM HE MeHee,
IOCTPONTE CJIe/Iyomie SpMuToBbl KoMGunanuu: i[F, G] u {F, G} (y6emurs-
sl B IX CAMOCOIDPSI?KEHHOCTH CaMOCTOATETBHO!).

OniepaTop U Ha3BIBAETCS YHUMAPHDLM, €CITU €70 SPMUTOBO COTPSIZKEHUE
COBIIAIaET ¢ OOPATHBIM OIIEPATOPOM:

Z/{ 1def

ut. (2.41)

IIpumep 2.23. Onepamop cdsuza onpedeasemcs caedyrouum 006Pa3oM:

T,9(z) < U(z — a), (2.42)

ede V(x) — mpousdsoavhas 6oanosas Pywkyus. Hatmu aneaumueckud
6U0 29M0O20 ONEPAMOPG U NOKA3AMB €20 YHUMAPHOCTD.

Pemmrenme. Paznoxum npasyio dacth (2.42) B psag Teiopa mo cremnensiM

O (z)
napaMeTpa CABUTa d, IPeAToNarat — o= = U(x):
R L0 OU(z) = 1 0 (2.15)
Ye—a)= 7;)(_1) n! Oz ;n' ( ¢ 333) )
1/ i Y
= Z ol (—% Gp:c> ¥ (z)
n=0

Ecnu BcrioMHUTH pazJiozKeHme SKCIIOHEHTHI B psijl Teitjiopa, TO B COOTBET-
CTBUU C ompejesieHneM 9° Juigd ormeparopa MoJ 3HAKOM (DYHKIIUU CYMMY

L.
B KBaJpPaTHBIX CKOOKaxX MOXKHO npeacraBUTb B BUJE €XP _ﬁ apg | - Ecom

Terepb BOCIIOJIb3yeMCs OIpejieIeHIeM OIlePaTOPHOro paBeHcTBa 1°, TO 1o-
JIyIUM OKOHYATEJbHBIN OTBET:

T, = exp [—% aﬁx] : (2.43)

Comocrasnenne (2.43) ¢ (2.41) mo3BosisieT ¢ieaTh BBIBOJ 00 YHUTAPHOCTH
olrepaTopa CIBUTA. [
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Sagadm OJisi CAMOCTOSTEJILHOTO pPelleHns

20. /IokazaTh CaMOCOIPIAKEHHOCTH OINEPATOPOB (PU3UUECKUX BEJIUYINH U3
TabanIke 2.1.

21. Oneparopst F u G spmurosbl. JIoKasaTh CaMOCONPSKEHHOCTD 1[]3’ , é]
u{F,G}.
22. JlokazaTh CaMOCONPSI?KEHHOCTDH OIIEPATOPOB A=FtFuB=FFt.

23. /lokazaTh, YTO MPOU3BOJBHBIN OITEPATOP MOYKHO OJTHO3HATHO ITPEJICTa-
BUTL B BUJE€ CYMMBI 3DMUTOBA U aHTUIPMUTOBA OIIEPaATOPOB.

(Vrasanue. [IpoBecTn anaornIo co ciydaeM, KOrja IMPOM3BOIbHAs (DYHK-
U TPEJICTABJISETCS B BUJE CYMMBI Y€THOW M HEYETHON PyHKIHIA).

24. TlonyuynTh aHAJAUTUYIECKUII BHUJ OIepaTopa J3-MEePHOTO CJIBUTA:

T,U(r) € T(r — a).

25. lloryunTh aHAIUTHYECKUIT BUT OllepaToOpa MOBOPOTA Ha YTOJI (0o BOKPYT
ocH, 3a/1aBaeMOil eJIMHUYHBIM BEKTOPOM 71.

(Omsem: Ry (po) = exp [—% gponi}].)

26. Ilokazarnb, 9TO mMpon3BeJieHNe YHUTAPHBIX OMEPATOPOB CAMO SBJISIETCH
YHUATAPHBIM OII€PATOPOM.

33



I'nmasa 3.

N3mepumocTtsh dusnmdecknx BeJIMYINH

3.1. Cpenaune 3HadYeHUsT PU3NIECKUX BEJIMYINH

N3mepenne puzmaecknx BeJIMYNH B KBAHTOBOM U KJTACCUIECKON MeXaH!-
K€ CYIIeCTBeHHO pazyimyaercd. [Ipexkiie Bcero KBAHTOBYIO CUCTEMY HYZKHO
IIPUBECTUA B TO COCTOSTHUE, B KOTOPOM BeJIMYNHYy F' HEOOXOINMO MU3MEPUTD.
IIycts BomHOBas dynKmua storo cocroguus ¥(¢) 1. B pesymbrare Toro
UM WHOTO U3MEPEHUsI COCTOTHUE MUKPOOOBbEKTa, KaK MPAaBUJIO, Pa3pyIiia-
eTcst (HaIpuMep, Jijisi (DUKCAIUU JIETSIIIErO 3JIEKTPOHA HA €ro MYTH CTABAT
doTomnacTUHKy; mocjae B3aNMOJIEHCTBUs C HEl 3TOT JIEKTPOH ITOTJIONIAET-
sl M y2Ke He MOYKeT ObITh 3a(hUKCHPOBAH ITOBTOPHO TEM Ke criocobom ). Jls
IIOBTOPHOT'O M3MEPEHUsI KBAHTOBYIO CUCTEMY HEOOXOJMMO BHOBDL IPUBECTHU
B TO Ke caMoe coctosguue u T. J. CpeaHee 3HadeHre BeJUIUHBI F' 110JTY-
JaeTcd yCPeJIHEeHNEM Pe3yIbTaTOB TAKUX MHOTOKPATHBIX u3Mepenuit. Ecmn
M3BECTHA BOJIHOBas (DYHKIIMS KBAHTOBOM CUCTEMBI, TO Cpe/iHee 3HadYeHue F
BBIUHUCJISIETCsI 110 (bOpMYyJIe

(F) = / U (€) Fu(E) de, (3.1)

A

rie F' — oneparop Besmunnabl F'. @opmyiy (3.1) MOXKHO TakKe MOHUMATH
KakK olpeJiejieHne oneparopa Beauuunnbl F. Bosnosast dyukius B (3.1)
JToJKHA OBITH HOpMEpPOBaHa Ha 1 B coorBercTBuu ¢ (1.4). Ecim ke ncmosib-
3yeTcss HEHOPMHUPOBaHHAasT BOJHOBast MYHKINASA PUHUMHO020 08UNHCEHUSA, TO
dbopmyity (3.1) HEOOXOMMMO OOOBIIUTE CJIETYONUM 0OPA30M:

_ JUHOFV()de
= G

Cpeee 3HaU€HNE 10 CBOEMY CMBICJTY JOJIZKHO OBITH BEJIMIMHON BEIeCTBEH-
HOM.

IIpumep 3.1. [loxazamnv, wmo 1eodToduMbLM U QOCMAMOYHBIM YCAOBUEM
BEULECNBEHHOCTNU, CPEOHE20 3HAMEHUA BeAuMUHbL F' asasemes camoconps-
atrcerHocmy ee onepamopa F'.

1 3aBucuMOCTb BOJTHOBOH (DYHKIIME OT BPEMEHU HE YUIMTHIBAEM, TAK KaK B JAHHOM
pazzesie OHa He CyIIeCTBEHHA.
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Perrrenne. JlokazkeM BeIeCTBEHHOCTH CPEIHEr0 3HadeHus F', mpeamoaras
F' camoconpsiz2KeHHBIM:

(3.1)

(Fyr O / () P (¢) de %2 / v (&) PU(e) de X (F).

JlokazaTb oOpaTHOE yTBEPXKICHNE HECTOXKHO. [

Takum 06pazom, daa GeULLCNBEHHOCTU CPedHe20 3HAYEHUA Pu3utecKots
BEAUMUHDL ONEPANOP IMOT, PUUMECKOT, BEAUNUHDL JoNHCEH OBIMb CAMOCO-
npastcenrvim. IloMumo TuHerHOCTH, 9TO BTOpOe TpeboBaHMe, MPeIbsiBJIsie-
MO€ K OIrepaTopy (PU3MIECKON BETMINHBI.

QopmyJry cpeaHero 3HadeHusi F' B COCTOSIHUM C BOJIHOBO# (DyHKIIHMEit
U (&) MOXKHO TakKe MPeJICTABUTDh B JINPAKOBCKUX 0DO3HAYEHUSIX:

(F) = (V| F|D). (3.2)

IIpumep 3.2. Illokaszamv, wmo cpedree 3naveHue ksadpama duaureckots
seauuurv, F' neompuyamenvro.

A

Pemmrenne. B cooTrBeTcTBUM €O CKa3aHHBIM BBIIIE onepaTop F' moaken
OBITH CaMOCONPsizKEeHHBIM. [loaTomy F? toxe OyJIeT CaMOCOIPSIKEHHBIM
em. (2.37)], a (F?) — BermecrBennbiM. abHeiinree J0Ka3aTeIbCTBO YA06HO
IIPOBOJINTH B JIMPAKOBCKUX ODO3HAYUEHUSIX, TIPE/IIOIarast F=FT

(72 ) ) B2 |w) = (| F| Fw) P2 (Fu | Fo) = / E(6)Pde.

ITocnequuit mHTErpas OyaeT BEeJIMINHON HEOTPUIIATEIbHOM, IYTO U JOKA3bI-
BaeT HaIlle yTBEPXKJICHUE. O

Ciiestyer mpeiocTepedhb YUTaTe s OT BO3ZMOKHOM Iy TaHuIbl Meskry (F2)
u (F)2. U soobme, (f(F)) # f({F)) TobKo 3a UCKJIIOUEHUEM CJIy4as Jiu-
HeitHoit dyrrImn f(2).

Omnucannblii Bbilie criocod m3Mepenust pusndeckoit Beandunbl F gaer
C MaTeMaTHYECKON TOUYKM 3PEHUs I0CJIEI0BATEIbHOCTD CJIyYaiiHbIX YHCel.
XapakTeprCTHUKOI UX pa3dbpoca OTHOCUTEIHLHO CPEIHEr0 3HAYCHUS CIIYKAT
cpednersadpamuyHoe OMKAOHEHUE:

(AF)?) € ((F — (F))?). (3.3)

Bousee yinobnoit opmyioit aist serauciaenns ((AF)?) no cpasaennto ¢ (3.3)
SIBJISIETCSI

(AF)?) = (F?) — (F)*. (3-4)
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ITpumep 3.3. Jlaa 6oanosozo naxema u3 npumepa 1.3 eviuucaums (x),
((Az)%); (pa), ((Ap)?).

Permterne. HopMmupoBovuHasi KOHCTaHTa BBIYHUC/IEHA B mpuMepe 1.3, TaK 9TO
HOPpMUPOBaHHAs BOJHOBasI (DYHKIIUST UMEET BUJL

1 x? ]
U(r) = —— exp | ——= + ikox|, 3.5

a CpeJlHYe 3HAYEHUsT BBITUCIISIIOTCS 110 dhopmyite (3.1).
Jnst KoopamHATHI

1 +o0 5132
(x) = $0ﬁ/—m T exp [_x_%] dz =0

BCJIEJICTBHAE HEUYETHOCTH MOJAbIHTErpaabHoil pyHkiuu. O0paTnTe BHUMaHME
Ha NCYE3HOBEHUE MHOXKHUTEA €707 [Ip1 BO3BEICHUH €ro MOy B KBapar!
st cpeTHEKBaIpATUIHOTO OTKJIOHEHNST KOOPANHATHI

+oo 2
(A2)?) D (22 — (2)? = (2?) = xlﬁ / 2 exp H—] do —
oo 0
o agt) = B [T e A T

OnepaTop nmmyibca — auddepentuanbablii. [ToaTomy

+o0 +00 "
(pz) :/ U (2)p, ¥ (z) do = —iﬁ/ v (z) 22 g, =

— 00 — 00 ox

ih Foo T 2
- 2 ik L dx = Ak
Zov7 ) o ( x%““)e’q’[ ] = s

Ex
[\

+oo 400 9 "
@ = [ vepvwa--r [ ve S -

oo e Ox?
oW (z) |7 01 9w (z) |
= —h% U* ﬁ2/ da =
(z) Ox _OO+ oo ox v
0
h2 +o0 5132 372 h2
= R — Sl de = —5 + h%kZ;
To/T /_oo (:I?é i 0>exp [ x%] v 222 IR
(3.4) h?
(Ape)?) 2 2) = o) = 5
0

PeKOMeHILyeM CaMOCTOATEJILHO ITPOJeJIaTh BCE IIPOMEZKYTOYIHBIE BBIKJIQJIKHM.

]
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3.2. OHpeﬂeJIeHHbIe SHaA4YeHUnA (1)I/IBI/IUIeCKI/IX BeJINMYNMH

OmnucanHas BbIIlE METOJUKA M3MepeHUs: (hU3MIECKOl BeauduHbl F y
MIKPOOObEKTa JlaeT HeHysesble sHadenus ((AF)?) naxke B ciaydae mie-
AJBLHOrO MpHOOpa ¢ HyJeBOil morpemHocThio. Takas neonpedesenmnocms B
3HAYEHUN BEJUIUHBI F' eCTh OOBEKTHBHOE CBOCTBO JIBUYKEHUSI B MHUKPO-
mupe. [losromy BosHHKaeT pobsieMa MOMCKa COCTOSTHUIN € onpedenerHvimu
suaueHusaMu F. OupesiesieHHOCTh (M3MEPUMOCTh) BEJIMYUHBI F' B HEKOTO-
POM COCTOSTHMU KBAHTOBOW CHUCTEMbI O3HAYAET, YTO MPHU KaXKJIOM aKTe ee
U3MepeHus OYJIeT MOJydaThCsi 00H0 U MO dHce 3nauenue STON BETUIUHBI.
Hanuast mpobiiemMa perraeTcsi, eCu OTOXKIECTBUTD MOJIydaeMble B 9KCIIEPH-
MeHTe 3HaueHusi (bU3MIecKoil BenanHbl F' ¢ co6cmeennuimy 3HAMEHUAMU
ee onepaTopa F', a COOTBETCTBYIOIIUE COCTOSHUS N300PAZKATH COOTBETCTBY-
FOIUMU STHM 3HAYEHHSIM COOCMBEHHbLMU PYHKUUAMU OTlepaTopa F:

FWp(€) = FUp(E). (3.6)

C maTemaTn4eckoit Toukn 3peHns ypasuenue (3.6) mpemcrabiser coboi
3aJ1a4y COOCTBEHHBIX (DYHKITNH 1 COOCTBEHHBIX 3HAYUEHUI OTIepaTopa F.Ona
TpebyeT orbicKaHust Hempusuasvuor |Vp(£) # 0] pemennii ypaBHeHUs
(3.6) ¢ 3a/TaHHBIMU TPAHUYIHBIME YCJIOBUSMA. BBIOOD MOCIETHIX JUKTYET-
cs1 (PUBMIECKUMI CTaHIAPTHBIMU YCJIOBUSIME, KOTOPBIM IOIIHHSIETCST BOJI-
HOBast GYHKIMS (KOHEYHOCTh, OJIHO3HAYHOCTD, HEIIPEPBIBHOCTH). B 0b1em
clryJdae F IpeJicTaBIsIeT co0oil MuHelHbIN quddepeHIna IbHbIi oIlepaTop,
Tak 4To ypaBHeHue (3.6) sBiaserTcst aunetinvim 00HopodHbIM TuddepeH -
aJTBbHBIM ypasHeHueM 2. OIHOPOTHOCTH IPUBOJUT K HEOJHOZHATHOCTH €TO0
peIlleHuii: OHU OIpeIeIeHbl ¢ TOYHOCTHIO JIO IMPOU3BOJIBHOIO ITOCTOSTHHOIO
MHOKHATEJISA, T. €. JOJKHBI ObITh HOPMUPOBAHBI.

2
IIpumep 3.4. Iloxazamsv, wmo ¢ynkyus V(r) = e * /2 asanemes cob-
. 42
cmeennoti pynxyuet onepamopa F = 12 z?, u natimu coomeemcmey-
x

rouwee cobcmeenHoe 3Haverue.

Permmrteane. Heobxoaumo JHIb IIOKa3aTh, 4TO JeiicTBHEe omeparopa F Ha
dbysrnuo ¥(x) TpUBOAUT K YMHOXKEHWIO TOCJEJIHEN HA HEKOTOPYIO KOH-
cmarmy. Ee 3Hadenne mpu 3ToM OyIeT MOJYyIeHO aBTOMATUYIECKU:

~ d2 2 d2 e 2
FlIl(x): @_372 e /2:@6 /2—3726 /2 —
= —e /2= 1 W(a).
~—
F

2 Kak mpaBmIIO, HE BBIIIE 6/MOPO20 TOPSIIKA.
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Tabmuma 3.1

Ceoticmea cobcmeennvir 3navenuti U cobcmeerHHvr GyrKruul
AUHETH020 IPMUMOBA ONEPATNOPA

CsoiicTBO JIMCKpeTHBIN CIeKTP HenpepbIBHBII CPpeKTpP
ypaBHEHHe FU,(¢) = F,0,(¢) FUp() = FUp(§)
opronopm. | [Wr ()W, (§)dE =bnn | [ VE(EVR(E)dE=6(F — F)
nomora | > WH (W, () =6 =€) | [JYRETp(E)AF =6 —¢§)
pasiIon. B(6) = T ea¥u(©) (&) = [ (F)Ur(¢)dF
1o cn—f\IJ* )P (&) dE = [UL(§)P(E) d¢
Gazucy Z e |2 =1 f lc(F)|? dF =1

Nrak, naHHOe B yCJIOBUHM YTBEPXKJEHHE T0KA3aHO; HAaWIEHO COOCTBEHHOE
3gauvenue F' = —1. L]

CobcrBeHHBbIE 3HAYEHUST W COOCTBEHHBbIE (DYHKIMU JIMHEHHBIX PMUTO-
BBIX OIIEPATOPOB 00JIIAIOT PsijioM crernduieckux cpoiicts. [lepeduncianm
ux:

1) cobcTBeHHDBIE 3HAYEHNSI BEITIECTBEHHBI,

2) cobeTBeHHBIE (DYHKINN, COOTBETCTBYIOINTHE PA3AUYHBIM COOCTBEHHBIM
3HAYCHUSAM, B3aUMHO OPTOTOHAJBHEL °;

3) cucrema cobCTBEHHBIX (DYHKIWI noaHa B Kjacce TeX (QpyHKIMA, Ha
KOTOPBIX 3TOT OIlepaTop 3aJaeTcs, T. €. OHa 00pa3yeT 6a3uc olreparopa.

MaremaTndeckue BhIpaskKeHUsI BasKHEHIINX CBOMCTB COOpaHBI B TAOJIAIIE
3.1 mpuMeHHTEeIbHO K OllepaTopaM C JUCKPETHBIM W HEIPEPbIBHBIM CIIEK-
TPOM.

[Tpumep 3.4 He XapaKTepeH I 33/1a9u COOCTBEHHBIX (DYHKITUI U COO-
CTBEHHBIX 3HAUeHHil omeparopa L. OBGBIMHO HEM3BECTHBIME OBIBAIOT KAK
cobcTBeHHbIe 3HaYeHus F', Tak u cobcrBernble dyHkimm Vg (£).

IIpumep 3.5. Hatimu nabarodaemwvie snavenus L, u coomeememeyroujue
UM BOAHOBBIE PYHKUUU.

Pemrernne. B ypaBaennu 151 cOOCTBEHHBIX (DYHKITUN 1 COOCTBEHHBIX 3HAYE-
HUN

LU =10

3 CobcrBennble (DyHKINT, COOTBETCTBYIOIINE OJHOMY U TOMY K€ 6bipOHCOCHHOMY COO-
CTBEHHOMY 3HAYEHUIO, He 00A3aHb, ObITh OPTOTOHAJBLHBIMI, U3 HUX, OJHAKO, MOXXHO TIO-
CTPOUTH 0PMO20HANBHBIE AuHeUHble Kombunayuy (npornexypa I'pama — [IIMmuara).
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Heuspectupivu siBisitorcst Kak L,, Tak 1 V. 9T0 ypaBHEHUE YIOOHO Iepe-
nucaTh B cHEpUIECKO cucTeMe KOOpJuHaT, rae Buj L, Oymer Hambosee
npocTbiM [eM. (2.31)]:
., OV
—1ﬁﬂ =L,V (p); 0<p<2m. (3.7)
d¢

DT0 JImHeltHOe o IHOPOoTHOE AuddepeHIInaIbHOEe YpaBHEHNE IIEPBOTO ITOPS -
ka. [TosTomy ero perenne uiiem B Bue

T(p) = A, (3.8)

rae A — nponsBoJIbHAA HEHyJIeBas KOHCTAHTA, O0YCJIOBJICHHAS OJHOPOIHO-
cThio ypaBuenus (2.31), A — nodaesrcawas onpedeneruro Koucranta. Beibop
pemerns B Buje (3.8) obecnieumBaeT konewhocmd (mouemy?) m Henpepoie-
HOCMb BOJTHOBOU (DYHKITHAH.

[Tocse nmopcranoeku (3.8) muddepenimaibaoe ypasaernue (3.7) npespa-
maeTcs B ajaredpandecKoe:

hA=L.. (3.9)

B ypasuenun (3.8) mHemsBectHOe L, BhIpazkaeTcs depe3 HemspecTHOE A. Tem
He MeHee, 3HaUEeHUsT \ OIIPEIEJISTIOTCsS TpeOoBaHEeM 00HO3HAWHOCTU: (DYHK-
IUsT TOJIIPHOTO YTJIa JOJIZKHA ObITh 27-iepuoauasoii (M. npumep 1.4). Tlo-
9TOMY A MOXKET IIPHHUMATD MOALKO UEADE SHAMEHUA: Ny, = My = 0, £1, ...
CooTBeTCTBEHHO

Loy & iy, mu=0,%1,... (3.10)

B ToMm ke mpumepe MOJIlydeHBI 1 HOPMUPOBAHHbBIE COOCTBEHHBIE (DYHKITUN
(1.11).
TakuM 06pa30M, CIIEKTp OIepaTopa L, AUCKPETHDIIL I HeBBIPOK ICHHBIIL.
Pekomenmyem caMoCTOATETHLHO TPOBEPUTH CBOMCTBA COOCTBEHHBIX 3Ha-
YEeHUU U COOCTBEHHBIX (DYHKIUI JTUHEHHOTO SPMUTOBA OTIEPATOPA L, O

IIpumep 3.6. Hatimu nabarodaemvie 3HaUEHUS NPOEKUUU UMNYAOCE U CO-
0MBEMCMBYIOWUE UM BONHOBBLE PYHKUUU.

Permrenme. JInst ymobcTBa paccMOTPUM JIEKAPTOBY KOMIIOHEHTY UMITYJIHCA,
P Bujt omeparopa p, gaercst BeipazkenueM (2.15), Tak 9T0 ypaBHEHUE JIJisi
cOOCTBEHHBIX (PYHKIUI 1 COOCTBEHHBIX 3HAUEHUN MPUHUMAET BU/I:
oV (x)
—ih————= = p,V(x). 3.11

= (@) (3.11)
HewussectabiMu 3/1ech OyayT Kak cama (pyHKIIHS, TAK 1 COOCTBEHHOE 3HAMe-
Hue p,. B otmmane ot (3.7) aprymenT hyHKIINN U3MEHSIETCST B 6€CKOHEUHBLL
npejesax.
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ITomobuo (3.7) ypasuenme (3.11) sBisieTcsl JTHHEHHBIM OHOPOIHBIM
muddepenmatbHbIM ypaBHeHneM 1epBoro mnopsika. Ilosromy ero pere-
HI€ TaKyKe UIIETCs B BUJIE

U(z) = A (3.12)

C HEU3BECTHOM B OOIIEM CIIydae KoMNAEKCHOU KOHCTAHTOM .

Boipazkenune (3.12) yaoBIeTBOPSIET YCIOBUSIM OJHO3ZHATHOCTH U HEIPe-
peiBaocTH hyuKIn V(x). [Togcranoska (3.12) B ypasuenue (3.11) npespa-
IaeT ero B ajredpamveckoe ypaBHEHUE

Pz = hA (313)

C JIBYMsi HEM3BECTHBIMU P, U A. YTOOBI OIIpEEIUTDH JOIYCTUMbIE 3SHATEHUS
A, TIpEeJICTABUM 3TY KOHCTAHTY B IBHOM KOMILJIEKCHOM BHUJIE:

A = Ao + ipo,

e A\g U g — BellecTBeHHbIe. [Ipu Takom mpeacTaBiIeHUN A JIETKO 3aMe-
TUTh, 9T0 GyHKIMs (3.12) Oymer KoHeIHOH TOMBKO TpHu (1o = 0, T. €. TpH
sewecmeennoir A. Ilosromy, B coorBercruu ¢ (3.13), coOCTBEHHBIM 3HAUE-
HHUEM IIPOEKITNU UMITYIbCa OYIIET NPou3soAbHOe GEULECTNBEHHOE YUCAO, T. €.
y omepaTopa p, OyIeT HenpepuieHviti CIIeKTP.

BeraucanMm Teneph HOPMHPOBOYHYIO KOHCTaHTY. B coorBeTcTBHU C
TabJs. 3.1, cobcTBeHHble (DYHKIUHU OIIEpaToOpa C HEIPEPBIBHBIM CIIEKTPOM
JOJI?KHBI OBITH HOPMUPOBAHBI Ha, 0-(DYHKITHIO:

teo Foo i I.20
[ w @, @ae=1ap [ e | Lol it a2

— 00 — 00

Dy — Pl (I19)
:27T\A|25<T> 21 h| APPS (0, — p,) = (P, — Dy,

orkyna A = 1/v/27h.

Boirmuiiiem cobctBenHbIe (DYHKIIUN OIIEpATOPaA MPOEKITUA UMITY/IbCA:

1 1
U, (z) = —— exp [% pxa:]. (3.14)

ITpemnaraem caMoCTOATEIHHO IIPOBEPUTH CBOMCTBA COOCTBEHHBIX (DYHK-
Uit 1 cOOCTBEHHBIX 3HaYeHuil p,. Kak u B caydae ¢ L., cuekTp p, Oymer
TOXKE HEBBIPOXKIEHHBIM. O]

IIpumep 3.7. Hadmu cobcmeentivie bynruuu U cobemeentvle 3HAUEHUA
onepamopa F 2| 3naa 6a3uc u cnexkmp onepamopa F.
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Pemrerne. HerocpeicTBenHO# TPoBEpKOit yOeK1aeMCs B TOM, ITO COOCTBEH-
Hble (PYHKIINYU He U3MEHSTCsI, 8 COOCTBEHHbBIE 3HAYEHUS BO3BELYTCS B KBaJI-
part. [

Caedcmeue 1. Ecau neswvipootcdernvie cOOCTBEHHBIE 3HAUEHUST OTIEPATO-
pa F' pacmosaraiorcst cummempuyno OTHOCUTENBHO HyJIs, TO COBCTBEHHDIE
sHaueHust ['2 GynyT 06ykpammo ewposrcoers.

Caedcmeue 2. Ecim dyukius f(z) momyckaer pasnoxkenus B psi Teii-
Jlopa, a y ornepaTopa F' U3BeCTHBI 6a3uC U CIEKTp, TO

FIE)TL(E) = F(F)TA(E). (3.15)

[IposichumM Tenepsb ¢MBICT KO3(MMUIIMEHTOB PA3JI0KEHUs IIPOU3BOILHOM
dbyurnun ®(€) no 6asucy oneparopa F' (cm. tabmuiy 3.1). st onpenesen-
HOCTHU OI'DAHMYHUMCS CIydaeM JUCKPETHOTO CIIEKTPA:

B(E) = cnWn($). (3.16)

n

Oyukiusa $(€) 3a7aeT Takoe COCTOsIHUE, B KOTOPOM B ODIIEM CJiydae
BesimunHa F' He mMeeT onpejie/ieHHOTro 3Hadenusd. Jlanubrii pakT mposBiis-
eTCsl B TOM, UTO IPU MHOIOKPATHBIX U3MEPEHUSIX I0JIYIaeTCS HEKOTOPDI
pasbpoc Habarodaemvir 3HaUenuit F. Kaxkmoe n3 HUX MOSBIISETCS C 6€PO-
AMHOCNDIO

wy, = |cnl?. (3.17)

Ecnn uzBecTHbl HabMOMaeMble 3HaMeHnsT Beanannbl F' B cocrogunu V(&) u
BEPOSITHOCTH UX OOHAPY?KEHUsI, TO B COOTBETCTBUM C TeOPEMOil 0 MaTeMa-
THYIECKOM OKUTAHWUM JIJIsl BBIYNUCJIEHHUSI CPETHET0 3HAUYEHHS MOXKHO HCIIOIb-
30BaTh BbIpaXKeHNE:

(F)=> Fow, =Y Fuleal, (3.18)

KOTOPOE 9KBUBaJEHTHO (3.1).

ITpumep 3.8. [lrockuti pomamop npuseder 6 CoCmoAHue ¢ 804060 PyHK-
yuet
®(p) = A[l 4 cos ¢ + cos 2¢]. (3.19)

Hatiimu: wabarodaemovie 3uavwenus L., sepoammnocmu ux obHapysrcerus,
(L:), ((AL:)?).

Permrenne. Cnenududeckas 3aBucuMoctb P (@) MO3BOISET PEMIUTE 3a1aTy
aireOpanvecKuMu MeTOJI[aMU Ha OCHOBe (hOpMyJIbl Ditjiepa U Pe3yJIbTATOB

npumepa 3.5. Baauase pazinoxum dyukimo P(p) mo 6asucy oneparopa L,
[em. (1.13)]:
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el? f 7P 2P 4720 (14
¢(¢)=A[1+ > ](:)

_ oA [\PO(@H Vilp)  Toalp) | Talo) ‘1’—;(90)  (3.20)

2 2 2

~~

Bripaxkenne (3.20) mpuemeno x Buiay (3.16) ¢ menyaesvmu Kodbdum-

eHTaMu ¢y = V2T A, c41 = cqo = A. HopMUpPOBOYHYIO KOHCTAHTY

T

yI00HO HAWTU U3 YCJIOBUS

Z |Cm‘2 =1

A 1 1 1
OTKyla A = ——; g = —=, C£1 = C+2 = —~=.
Y VAT V2 22
Takum obpazoMm, Ipu U3MepeHun OyIyT HAOJIIOIATHCs CJeIYIONe 3Ha-
yenus L,: L, o ¢ BEpDOATHOCTBLIO 5 ul,i1 ==xh, L, 1> = +2h c ogunaxo-

1
BbIMH BEPOATHOCTAMU W1 — W42 = —.

8

Cpe/Hre 3HaYEHUsT BHITUCIISIIOTCS 110 hopmyite (3.18):
= Z Lz,mwm = 0.
m

i1 BBIYUCTIEHNST CPETHEKBAIPATUIHOTO OTKJIOHEHUST BOCIIOJIbB3yeMCS Pe-
3yJIbTaTOM IIpuMepa 3.7:

(AL.)?) = (L3) — (L:)° ZL 1 52

]

3.3. CoBmecTHasg n3MepPUMOCThb (PU3NIECKNX BEJIMINH.
CooTHollleHe HeonpeaeIeHHOCTEeN

Ousnueckie Bennauibl F 1 G HASBIBAIOTCH USMEDUMBMU COBMECTIVHO,
eCJIi CYIIECTBYIOT TaKNe COCTOSIHUS, B KayKJIOM U3 KOTOPBIX OyJ/IeT u3Mepu-
Ma Kak BesmunHa F', Tak u (G. MareMaTnyecku 3TO BBIPAXKAETCs B HAJIU-
9NN y ONEePaTOPOB FuG obuyux cobctBeHHBbIX yuKImit. CylecTBoBaHME
00X COOCTBEHHBIX (DYHKITUI MTPOBEPAETCS C IIOMOIIBIO CJIETYIONIETO KPH-
Tepus:
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HEOOT0OUMBIM U DOCTAMOYHDIM YCAOBUEM CYWECTBOBAHUA Y AUHETHDLT 4

ONEPAMOPOs8 00WUL COOCMBEHHBLIL GYHKUUT ABAAENCA KOMMYMAUUL O0H-
HBLT ONEPAMOPOS.

Y onepaTopoB HEU3MEPUMBIX COBMECTHO BEJIMYNH, €CTECTBEHHO, OOIINX
cobcTBeHHBIX (byHKIMI HeT. [Ipn coBMecTHOM M3MepeHnr TaKUX BeJINYIUH B
NPoU360NLHOM COCTOSTHUU 6cez20a Habarodaemcs pa3ddpoc Habaodaemvir 3Ha-
yenudi. BesmmanHa 3Toro paszdopoca, xapakTepusyeMasi CpeIHeKBaIPaTHIHbI-
MM OTKJIOHEHHSIMH, YIOBJIETBOPSIET HEPABEHCTBY

1
(AR )(AG)) = 1 (B), (3.21)
HA3BIBAEMOMY coommowenuem neonpedeaennocmets letisenbepea. 3nech
B — camocomnpsizkeHHBII ortepaTop (cM. 3ajady 21), onpeessieMblii 13 co-

OTHOIIICHUAD:

[F',G] =iB. (3.22)
Bce ycepennenus B (3.21) mpousBoJsTCs B 00HOM U MOM 94C€ COCTOSTHUIM.

IIpumep 3.9. 3anucams coomuowerue neonpedescrrocmets 0A8 dexapmo-
601 KOOPOUHAMDL U COOMBEMCMBYOULET NPOEKUUL UMNYADCA.

Perreamme. CooTBeTCTBYIOIEE COOTHOIIEHUE HEOIPEIeIEHHOCTEN MOXKeT
OBITH IOJIy9eHO C WCIIOJIb30BaHueM Bbipaxkenus (2.17), koTopoe 1o dop-

Me coorBercTByeT (3.22). IlosTomy mocrarouno caenars B (3.21) 3ameHbI:
F—xz G—p,, B—h:

(A (Ap)?) > 1 . (323

[Tpoanammsupyem cooTHorenne (3.23). 3a1aIUMCs ETBI0 HE0ZPAHUYEH-
H020 CHUKEHUS HEOITPEeIeIEHHOCTH, CKaXKeM, KOOPJIMHATHI. byaeM 1151 3To-
ro TmoJAOUPaTh COOTBETCTBYIONINE cOCTOAHUA. [Ipr 3TOM B cHly HeHYy.A1e80U
npaBoii gactu (3.23) HEOIPeIeIEHHOCTh UMILYJIbCa 00A3GHA HE02DAHUMEHHO
803pacmamao.

Uccremyem Tenepsb coornomenue (3.23) myist makpomupa. Pacemorpn,
HAIpUMeD, JBUKeHne Tejia Maccoil 1 ke co ckopocthio 1 m/c. Ilycts mpuem-
JIEMOIl MMOTPEIIHOCTHIO B onpeesennn ckopoctu oyger 0,001 m/c. Onenum
C TIOMOIIHIO COOTHOIIEHNUsI HeollpeiesieHHocTell (3.23) mpe/1eIbHO JOCTHKHU-
MYIO TOYHOCTH B OIpeJe/IeHun KoopamHaThl. OHa OKA3bIBAETCH TOPSIKA
510732 m, 9TO MHOTO MEHBINE PA3MEPOB ATOMHOTO SJIpa. [

Takum 06pasoM, 6 MaxpomMupe COOMHOULEHUE HEONPEIEAEHHOCTNEL NPAK-
muvecku He ckasvieaemcs. MOXHO cKa3aTh, 9T0 pusndecKasi cucremMa Oy-
JIeT MUKPOOOBEKTOM, €CJIiu B cooTHOIeHnn ['eiizenOepra Heolpe e 1eHHOCTH

4 CaMOCOIPsI?KEHHOCTD 371eCh He TpebyeTcs!
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OyIyT CpaBHUMBI CO CPEIHUMU 3HAUEHUIMU pusndeckux BejandnH. [TosTo-
MY COOTHOIIIEHIE HeOoIpeieJIeHHOCTel yI00HO HCIOJIb30BaTh JJI OIEHKH
Pa3JIMIHBIX (PU3NIECKUX BEJIMINH B KBAHTOBBIX CUCTEMAX.

IIpumep 3.10. Yacmuua macco, m cosepwaem 0OHOMEPHOE GUHUMHOE
deuotcenue 80oab ompeska 0Aunot a. OQuenums HOUMEHLULYIO IHEP2UIO “a-
CMUYDL.

Permrenne. Ecnu canraTth, 9TO HEONPEIEIEHHOCTH KOODINHATHI MOPSIKA
JUTAHBI OTPE3Ka, TO, BCIIOMUHAST HEPEJIATHBUCTCKYIO CBsI3b MEXK/Ty SHEPTHeit
1 UMITYJIbCOM, TonydaeM Euyi, = h2/(ma?). O

Sagadum aJisi CAMOCTOSITEJILHOTO PelleHus

27. Yacrtuia npuBejieHa B COCTOSIHIE C BOJTHOBO# (pyHKITHEH

nT
AsinL npu 0 < x < a;
U(x) = a

0 npu x < 0 umm x > a,

rne n = 1,2,... Beraucaurs (x), ( ACI?)22>, (pz), ((Apz)?).

2
(Omsem: a/2, & [ — =], 0, [Z2%]" coorBercrBenHo.)
2
28. [Tokazarh, uro pyukus V(zr) = xe™ /2 gBistercst cOBCTBEHHOM (DY HK-
R d2
nueit omeparopa F = 12 :c2, 1 HAWTH COOTBETCTBYIOIIEE COOCTBEHHOE
x

3Ha4YCHUeEe.

29. Tlokasarb, uro dyukuus W(0) = cos f siBisieTcsi cOOCTBEHHOI (DYHKITI-

. A 1 d /. d .
eit omeparopa F' = —— — | sinf — |, 1 HalTH COOTBETCTBYIOIIEE COO-
sinf do dé

CTBEHHOE 3HAYCHHE.
30. Ilokasarn, uro dyuxuusa V(h, p) = sinfe™'? gpigerca cobecTBenHoi

dbynkmueit omeparopa L? [cum. (2.32)], u Haiiti cooTBeTCTBYyIOMEE COGCTBEH-
HOe 3HaJeHNe.

sin
31. Ilokasars, uto dyukusa V() = § sIBJISIETCsT COOCTBEHHON (PYHK-
3 .42 2d )
nueit oneparopa F' = @t 1 HaiiTu COOTBETCTBYIOIIEE COOCTBEHHOE

3Ha4YCHUeE.

32. Ilokazars, aro dynkius ¥(p) = e~ /3 p3 apnsercs cobcTBeHHOMN DyHK-
. d* 2 6

mueit oreparopa F' = TSt 5, HaWTH COOTBETCTBYIOIEE COOCTBEHHOE
dp p p
3HAYECHUE.
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33. Haiitu cobcTBeHHbBIE 3HaUEHUST 1 COOCTBEHHBIE (DYHKIINHU OllepaTopa p.
(Omeem: p — NPOM3BOJILHBIN BEIECTBEHHBINH BEKTOD;

Uy (1) = (27h) =3/ explipr/h].)
34. Haiitu cobCcTBeHHBIE 3HAYEHUS 1 COOTBETCTBYIOIINE COOCTBEHHBIE (DYHK-

U aHTUAIPMUTOBA omepaTopa — . B UeM 3ak/odaeTcd MPUHITAITHAILHOE

OTJINYNE OTBETa OT CJydasi 9PMUTOBA olepaTopa’

35. 3anucaTbh U TPOAHAJIU3UPOBATH COOTHOIIEHNE HEOIpe e IeHHOCTE J1JIst
caydasi COBMECTHO U3MEPUMBIX BEJIMYUH.

2 .
36. Cpenu Besmmuns 7, p, L, L° HaiiTu 1apbl COBMECTHO U3MepPUMbBIX. [Ijist
COBMECTHO HEM3MEPHUMbBIX 3aIlCATh COOTHOIIEHUS HEOIIPeIeIeHHOCTE .

37. IIposeputh coornorenue (3.23) st 3a1a4u 27 U BOJHOBOTO MTAKeTa 13
npumepa 1.3. (Vkazanue: cm. mpumep 3.3.)

38. 3Has 3apsiJ| JIEKTPOHA € U er0 MacCy M., OIEHUTHh pa3Mep aToMa.

(Omeem: h%/(mee?).)
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I'staBa 4.
ll'aMuapTOHNAH

4.1. Bpemennoe ypaBHenue IlIpeaunrepa

BonnoBast dynkimsa peajabHOil pU3NIECKON CUCTEMBI B OOIIEM CJIydae
HaXO/IUTCs U3 PEIIeHus spemenno2o ypasrerus [llpedurezepa:

ov .
ih— = HWV 4.1
ih 5 : (4.1)

rie H — raMuIbTOHHAH CHCTEMBL. IToso6Ho ypaBHenussiMm HeoToHa B Kjac-
CHYIeCcKOM MexXaHWKe, a TaKKe ypaBHeHUSIM MakcBesia B 3JIEKTPOINHAMU-
Ke, ypaBuenue [lIpeguarepa He BBIBOJUTCS, a MOCTyIupyeTcsa. Kpurepruem
OPaBUJIBHOCTHU JIJAHHOI'O YPaBHEHUA ABJILETCS COBIIa/[€HIE BBITEKAIOINX 13
Hero (haKTOB € IKCIEPUMEHTAILHBIMI JTaHHBIMIA.

Jnst ool 9acTUIIbl, JBUXKYINENCS B TOJIE ¢ 3aITaHHON ITOTEHITNAJILHOMN
dbyuknueit V (r,t), raMuapToHIAH

~D
=2 vy,

2m

Tak 410 ypapHeHnue (4.1) npuHuMaeT BU:

ih%\ll('r,t) = {—Zﬁ—mV2+V(r,t)}\D(r,t). (4.2)

['panngnbie yc0BUA K HEMY BBITEKAIOT U3 CTAHIAPTHBIX YCJIOBHIA.
lNaMubTOHMAH MHOTOYACTUYIHON CUCTEMBI CTPOUTCS CJIEIYIONMUM obpa-
30M: BHa4aJie 3alliChIBAIOTCS OIEPATOPhl KHHETUYECKUX U MOTEHITUAJIbHBIX
SHEPIU BCEX YACTUIL, a TaKXKe UX IMOTEHINAJIbHBIX (DYHKIINH, & 3aTeM OHU
cymMmMupyioTcs. B wacTtHOCTH, /17151 crucTeMbl [N B3aMMOJIEICTBYIOIIIX TaCTHIL
MaccaMu m; BO BHeIHUX ToJsx V; (7, 1) raMuIbTOHNAH UMeeT BU/I:

~ 2

N N

. D; 1

H = Z o, + Vi(rs, t) | + 3 Z Dy (rij), (4.3)
i=1 ij=1

rae CIDij (rij) — TIOTEeHINaJIbHAs SHEPTUs B3aUMOJeCTBUA - U J-i1 9acTHIL,
(rij = |ri — r;|). Beipaxkenue (4.3) Mbl OymeM UCIIOJIB30BATDH IIPU HOCTPOE-
HUU TaMUJIbTOHUAHOB IIPOCTEUIINX CUCTEM.
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IIpumep 4.1. [locmpoums 2amusvmoruar amoma 6odopoda. Maccoi sdpa
u anexkmporna — M u m coomeemcmeerHo, sAeMeHMAPHBIT 3apad € U 3a-
padosoe vucao adpa Z npednoasazaromces udsecmmovimu. 0po u asexmpon
NPEINONA2AIOMCA MOUEUHDIMU.

Perrenne. Cucrema COJIEp2KUT JBE YACTHUIIBI, [IO3TOMY FaMUJIBTOHUAH OyIeT
JIefiCTBOBAThH HA JIB€ BEKTOPHBIE KOOPJAMHATHI: SJTEKTPOHHYIO T" U SJIEPHYIO
R. YcinoBuMcsa 0603HaUaTh IEpEMEHHYIO TuddepeHImpoBaHus HHIEKCOM Y
oneparopa «Habsa». B coorsercrBum ¢ (4.3)

A h? o, Ze?

A=-v2_ g2 29
" oM B |r—R]

Mex 1y 971eKTPOHOM U SJIPOM JIeMICTBYET KYJTOHOBCKOE TPUTSZKEHNE, TT03TO-
My IOCJIeJTHEee CJaraeMoe BXOIUT CO 3HAKOM «MHUHYC». [l

IIpumep 4.2. Ilocmpoums 2aMusbMOHUAH MOAEKYAB, 6000poda. Maccol
Kaotcdo2o npomona u aaexmpona — M u m coomeemcmeenno, daeMeH-
maproill 3apAd e nPeonosa2aemcs u3eecmuuiMm. IIpomonvt u arexkmporol
npeonosa2a0OMCA MOYEUHOLMU.

Permrerne. Cucrema COOEP:KUT YEThIPE UACTUIILI, TOITOMY IaMUJIbTOHUAH
OyzeT jJeificTBOBATh Ha YUeThIPe BEKTOPHBIE KOOPIWHATHI: JIEKTPOHHBIE 71,
ro U snuepuble Ry, Ry. B Mosekyne BoIopojia IPUCYTCTBYIOT IIECTh Ky-
JIOHOBCKUX B3aWMOJICUCTBUI: OTTAJKUBAIOIINE B3ANMO/ICHCTBUALA SJICKTPOH—
3JIEKTPOH Y NPOTOH-TIPOTOH U YeThbIpe NPUTATUBAIONINX B3aNMOJIEHCTBUA
9JIEKTPOH—TIPOTOH. TakmM oOpa3oM, TaMUJIbTOHUAH COMEPIKUT JIECITh CJia-
raeMbIXx:

2 2 2 2
H= —f—mvil - ;—mva - j—Mvgl — %V%ﬁ
62 62
- 71 — 72 - R — Ro|
62 62 62 62

ri—Ri| |r2—Rs| |ri—Rs| |ro— Rl

Maccbl 000uX 3JIEKTPOHOB M IIPOTOHOB ITPEJIIIOJIATAIOTCH OJMHAKOBBIMU U
ITO9TOMY He HyMepYIOTCS. O

4.2. IlnoTHOCTH MOTOKA BEPOATHOCTH

Ha ocHoBaHMN caMOCONPSIZKEHHOCTH MaMUJILTOHHAHA MOYKHO IIOKA3aTh,
YTO IJIOTHOCTH BepOATHOCTH (1.3) B TpPEXMEPHOM ciiydae y/IOBIETBOPSIET
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YPaBHEHUIO HENPEPBIBHOCTHU, BBIPAZKAIONIEMY 3aKOH COXPAHEHUS KOJIUYe-
CTBa BeIIeCTBa B HEPEJISITUBUCTCKON (DUBHKE:

0 o
pm w(r,t) + div j(r,t) =0,

rjie BeauauHa (7, t) uMeeT CMBIC TIJIOTHOCTH MOTOKA BEPOSITHOCTH U CBsi-
3aHa ¢ BOJTHOBOI dyukimeit V(r,t) cooTHOIEHIEM:

j(r,t) = Qimi[\ll*(r,t)v\ll(r,t) —U(r,t)VI*(r,t)], (4.4)

m — Macca IaCTHUIHI.

JList qacTUIBl ¢ 3apsijioM € JIOKaJIbHasl 3apsioBas IJIOTHOCTD JIAETCS
BbIpaKeHneM p.(r,t) = ew(r,t), a MWIOTHOCTb JEKTPUIECKOTO TOKA, 00Y-
CJIOBJIEHHOT'O JIBUZKEHIEM 9YaCTHUIBI, — COOTHOIeHneM j (r,t) = ej(r,t).

Cmandapmmoe ycrosue HENPEPHIBHOCTIU 80AH080U PYHKUUY HE0OTO0U-
MO O 00ECNEYEHUSA KOHEYHOCTNU NAOMHOCTNU NOMOKE BEPOATHOCTIU.

IIpumep 4.3. Cocmosanue wacmuuve maccoti m 3adaemcs eoanot de Bpoti-
a8 (1.1). Bomucaums naomnocms nomoka 6epoAmHOCU PACTPEIeNeHUs:
Mot 4acmuubl.

Perrenne. Henocpecrsentoe ucnosb3oBanue dpopmyibl (4.4) maer

j=|CP

SRS

. (4.5)

Jlerko 3aMeTHUTh, 9TO IIPU BBIOOPE HOPMHUPOBOUHOI KOHCTAHTHI C' = 1 8bi-
pasicernue (4.5) 6ydem dasamv KAACCUMECKYIO CKOPOCML wacmuuybl. Takast
HOPMUPOBKA YaCTO UCHOJIb3YETCS B TEOPUU PACCESTHUSI. [

4.3. CranmmoHapHBbIE€ COCTOSHUSI

B kBaHTOBOII MexaHUKe 0cobasi pOJIb OTBOAUTCS CHCTEMaM, TaMUJIbTO-
HUAH KOTOPBHIX HE 3aBUCHT OT BPEMEHH SIBHBIM 0OpasoM: H (&,t) = H (€)
(Tak HazbBIBaeMasi CMAYUOHAPHAA TIOCTAHOBKA 3aJa4dn). B 3ToM ciiydae B
KBAHTOBOI crCTeMe MOTYT OBITh PEAJM30BAHBI CIMAUUOHAPHBLE COCTIOAHUS,
B BOJIHOBBIX (PYHKIMAX KOTOPBIX 3aBUCHUMOCTH OT BPEMEHU (PaKrmopu3osa-
Ha:

V(e 1) = Up(E)exp |~ Bt (4.6)
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3Bmeck E u Vg (£) — coOTBETCTBEHHO COOCTBEHHOE 3HAYMEHNE U COOCTBEHHAST
dbyukusa ramuabronnana H (), KOTOPBIi B JaHHOM CJIydae MOXKHO HA3BATh
OIepaTOPOM SHEPIHH:

~

H()VE(§) = EVg(S). (4.7)

Ypasuenne (4.7) HA3bIBAETCS CMAUUOHAPHBIM YpasHeruem [lIpedunzepa.

Ha ocroBanuu (4.7) cmayuonaproe cocmoanus onpedeisromes Kk co-
CMOAHUA C ONPEJEAEHHBMU 3HAYEHUAMY dHep2ul. I1oCKONIBKY SHeprus,
KaK IIPaBUJIO, ABJIIeTCs Harboiee yao0HO /111 n3MepeHns BEJIMYNHOI, cTa-
[IMOHAPHBIM COCTOSTHUSAM OTBOJIMTCS BayKHasl POJIb B KBAHTOBOI TEOPUM.

CramuoHapHble COCTOSTHESI O0JIaIAI0T CJIEIYIONNMA OCHOBHBIMU CBOWi-
CTBAMMU:

1) ux 80AHOBBIE PYHKUUU 3A6UCAT OM BPEMEHU NO 24PMOHUNECKOMY
saxony (4.6);

2) cpedrue 3nauenus NAOMHOCTU 8EPOAMHOCTIU U TAOMHOCTU NOMOKG
BEPOATNHOCTIU 6 CTNAUUOHAPHLL COCTNOAHUAT HE 3ABUCAM OM BPEMEHU;

3) ecau onepamop Guauneckoli BEAUNUHDL HE 3GBUCUM OM BPEMEHU AG-
HO, MO €€ CPedHee 3HANEHUE 68 CMAYUUOHAPHOM COCTNOAHUL MOodHCe He bydem
3G6UCEMDB OM BPEMEHU.

Onepeemuneckull cnexmp CmauuoHapHot CUCMeEMb, 0NPeJessEmCs Ta-
PAKMEPOM DBUNHCEHUA: 6 CAYYaAE HUHUMHO020 0BUNCEHUA OH JUCKPEMEH, 8
CAYHae UHPOUHUMHO20 — HENPEPLLEEN.

Cpean Bcex BO3MOXKHBIX COCTOSHMIT KBAHTOBOI CHCTEMBI 00S3aTEILHO
HMMEETCsI OJIHO COCTOSIHIE C MUHUMAJILHOM SHEeprueil — 0cHo6Hoe COCTOSTHUE.
OCHOBHOE COCTOSTHIE BCETIIA HEGBLPONHCIEHO.

B ciydae mucKpeTHOro CrieKTpa coCTosiHIe, buinzKaiitiee (1o 9Heprun) K
OCHOBHOMY, HA3bIBAETCS NEPEbM 8030YHCOEHHDIM U T. II.

Eciu 310 He IPUBOANUT K HEIOPA3YMEHHUSIM, B 3aIIMCH BOJIHOBON (DYyHK-
[N CTAIIMOHAPHOTO COCTOSIHUST OTPAHMYINBAIOTCS OJTHOM JIMIITh KOOPINHAT-
Holt 3aBucuMOcThIO U ().

B TpexmepHoit 3aj1aue ypaBaenue (4.7) NIpuHUMAET B/

h? _,
——VVgr(r)+V(r)Ve(r)= EVg(r), (4.8)
2m
AHAJIOTUYIHBIN YPABHEHUIO JIJIsT CTOTINX BOJIH B CpeJle C IepeMeHHbBIM ITOKa-
3aTesieM IpesoMIeHns . TakuM 0O6pa3oM, CTallMOHAPHBIE COCTOSTHUS MOYKHO
YIIOJIOOUTH CTOSYNM BOJIHAM B YIIPYTOil cpeje.

IIpumep 4.4. Yacmuua macco. m cosepuaem c60600Hoe 00HomepHoe 08U-
otcenue. Hatimu anepeuu u 60a106vie GYHKEUUL CMAUUOHADHOLT COCTNOAHU.
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Perrrtenne. B cityuae cBobogHoro apmkenusd B ypaBHenuu lllpemunrepa or-
CYTCTBYET cjaraeMoe ¢ IMOTEeHITNAJIbHON SHEPTrueil, 1 OHO MPUBOJIUTCS K BU-
y:

P2V (z) = 2mEY(z).

JasbHeliee paccCMOTpEHHE TTPOBOJUTCA B COOTBETCTBUU C TpuMepamu 3.6
u 3.7. HenopMmupoBaHHbIe BOJTHOBbIE (DYHKIIMU CTAIIMOHAPHBIX COCTOTHUIMA

i

\I/SE)(@“) = ASE) exp j:ﬁ

px |,

rie

p=V2mkE, E > 0.

CBoboHOe ABUKEHUE ABJSETCS WHMUHUTHBIM, TO3TOMY €r0 CIEKTP
venpepbiBeH. [Ipu E > (0 cranuoHapHbIe COCTOSTHUS OYIyT JBYKPATHO BBI-
POXKIEHBI B COOTBETCTBUU C T€M, YTO ABUKEHNE C UMIIYJILCOM P BO3MOXKHO
KakK B IIOJIOXKUTEJIBHOM, TaK U B OTpHUIlaTebHOM HampasieHun ocu Ox. Ta-
KHM 00pa30M, BBIPOXKIEHNE 3/1eCh HJIeT 10 3HAKY IPOEKIINU UMITyJIbca. [

IIpumep 4.5. Pewumsv 3adavy npedvidyuiezo npumepa 0ii c60600H020
MpermepHo20 08UHCEHUA.

Perrrenne. Ilo anasorun ¢ perreHueM IpebLIyINeil 3a/1a4H, IOy IaeM:
P P i
\I/(E)(’I") = ASE) exp i%pr :

rjie
p? = V2mE, E >0,

HalIpaBJIeHIe UMITYJIbCA P IPOU3BOJIbHO. Bece BO30y K IeHHbIE COCTOsTHUS OYy-
YT 371€Ch BBIPOXKJIEHBI C 0ECKOHEYHOI KPATHOCTHIO B COOTBETCTBUU C OECKO-
HEYHBIM YKCJIOM CIIOCOOOB OPUEHTAIINNA BEKTOPA C 3aJaHHBIM aOCOIIOTHBIM
3HAYECHUEM. ]

IIpumep 4.6. Hatimu snepaut, cmayuoHaGpHux COCMOAHULT NAOCKO20 PO-
mamopa ¢ MOMEHMOM uHepuuy 1.

Permmrenne. 'amMmubTOHMAH BpalllaTeIbHOrO JIBUXKEHUS POTATOPA MOYKHO TIO-
JIYYUTH 110 AHAJOTUU C TAMUJIBTOHUAHOM IIOCTYIIATEJIbHOI'O JIBUZKEHUS Ma-

TepuayibHO# Touku. {1 3TOr0 B KiIaccuueckoit pyHkImu ['aMuibToHa IS
L? A

ILJTOCKOT'O poTraropa H = 2—; zamennM L, — L,. Tenepbr MOXKHO 3ammcarhb

crarmmonapHoe ypaBHenue lllpenunarepa uig poraTopa W IPUBECTU €r0 K

BULY: A
2W(p) = 20EW(p).
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Ha ocnoBanum mpumepoB 3.5 u 3.7 mojIydaeM pelleHue:

h2m2 eimgo
E,, = LW, () = . m=0,+1,...
i (p) = 5=

Bce crammmonapHbie COCTOSTHUS, 38 NCKJIIOUEHIEM OCHOBHOI'O, IBYKPATHO BhI-
POXKJIEHBI. DTO CBA3aHO C JABYMsI BO3MOXKHBIMH HAIIPABJIECHUSIMU BPAIIEHUS
poTaTopa BOKPYT 3aKPEIJIEHHOI OCH. [

IIpumep 4.7. Cucmema ¢ He 3a8UCAUUM OM BPEMEHU 2GMUADMOHUGHOM 6
HAYAALHBLT MOMEHT, BPEMEHU HATOOUAACH 8 COCMOAHUY C BOAHOB0T, PYHK-
yuet VU (£,0). Hatimu 60406yt GyHKkyuto moti cucmemvt 6 nocaedyrouue
momermo, epemeru W(E,t > 0). Inepeemuneckut cnexmp u 6asuc cucme-
ML NPEONONA2AIOMNCA USBECTIVHDILMUL.

Pemmrenne. Paznoxum V(€,0) mo 6a3ucy cranumoHapHBIX COCTOSTHUI CHCTEMBI
U UCHOJIBb3YeM UX 3aBUCHMOCTBIO OT BpeMeHu (4.6):

U, t>0)= ch\lln(ﬁ) exp [—% Ent]. (4.9)

311ech
FUL(E) = BnUn(€);  cn = / T (€)U(E, 0) de.
L]

IIpumep 4.8. Cocmosanue c60600H0T wacmuyv, Maccv, M 6 HA4AALHBL
MOMEHM, 8PEMEHU 3a0AEMCA BOAHOBIM nakemom u3 npumepa 1.3. Iloka-
3aMb, YMO C MEYEHUEM BPEMEHU NaKem <pacnavieaemcas. Hatimu saxon
«PACNADIBAHUAS.

Permrerne. B momenT t = 0 IJIOTHOCTH BEPOSITHOCTU MECTOIIOJIOKEHUS Oy 1eT
rayccoBoil ¢ mupuHOil xo. Ee MakcmmyMm OyaeT ABUTaThbCsi CO CKOPOCTHIO
hko/m, coBmamaromeil co cpemHeil KIacCHIECKOl CKOPOCTHIO JacTHIBI (B
BOJIHOBOI OTITHKE TaKasi CKOPOCTh HA3BIBACTCS 2PYNnocol).

Sajiady pelraeM Ha OCHOBE MPEbIAYINEero mpumepa. BHadase Haiigem
9BOJIIOIINIO BOJIHOBOI'O ITAKETa BO BPEMEHHU. DHEPreTUIEeCKUil CIIeKTP 3/1eCh

Oy/leT HempePBbIBHBIM, & B KadeCcTBe 0A3UCHBIX (DYHKIUI YI0OHO HCIIOJIB30-
BaTh (3.14):

—+00 .
Wt >0) 2 [ ), @)en [—%Et] ap 2
1 +o00 iht
= —— [ cp)exp|rpr— o p?|dp, (4.10)
V2T h 2



T. €. MAKeT IIPeJICTABJISIETCA B BIIE CYIIEPIIO3UIINH ILJIOCKIAX BOJIH 1€ bpoiis.
Kosddumumentor

+oo
c(p) = /_ Vo (2)¥(z,0)dz =

2 .
— +ikox — %px] dz.

+oo
\/ 27‘(’5130 / P [

[TocJte BbIAEIEHNS IIOJTHOrO KBaApaTa B OKa3aTesie S9KCIIOHEHThI IIOCIeTHU
UHTErpaJj TpUBOAUTCA K By (A.4), Tak 4To

ep) = | —" exp [—x—8<%—k0>2]. (4.11)

ITocranoska (4.11) B (4.10) n muTerpmpoBanne B coorBeTcTBUU C (A.4),
(A.5) IpUBOIAT K SIBHOMY BH/Iy BOJHOBOi (DYHKIINU YACTHIIBL:

1 2 _2iz2k b2
U(z,t>0) = exp 2 trghot + iy, 0330,
To/Tf(t) 2z f ()
rae
hit
) =1+i .
f(t) +1m3

[ToryunM Temeph 3aKOH M3MEHEHUS MJIOTHOCTHA BEPOATHOCTH C Te€UYEHUEM
BpPEMEHU:

w(z,t) = |W(x,t)]? =

_ Dikg 4)?
= ! exp | — (= % t) . (4.12)

sov |1+ (2] T ()]

Jlerko 3aMeTuTh, YTO IJIOTHOCTH BeposiTHOCTU (4.12) mo-npexKHeMy uMe-
eT OpMy rayccoBOil KPHUBOIl C TOI K€ CKOPOCTBIO JIBUXKEHUS MAaKCHUMYyMaA.
OHAKO ee MUpPUHA TEIEePh YBEAUHUBALEMC A C TEIEHNEM BPEMEHNU 110 3aKOHY

t) = zoy/1 + [t/ (mad) 2.

B magajbHbBIE MOMEHTHI BDEMEHU CKOPOCTH TAKOT'O «PACILILIBAHUSA» MOYKHO
CUMTATh TIOCTOSTHHOM U paBHOit h/(mzg).

CooTHOIIIEHNEe HEONPEIEIEHHOCTE JIJIsi TAKOr'O MaKeTa Oy/eT BBIIOJI-
HATHCA B 410007, MOMEHT BPEMEHH. O
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IIpumep 4.9. /loxazamv meopemy leavmara — Pelinmana: ecau 2a.MUAb-
MOHUAH CMAUUOHAPHOT, CUCNEMDL 3ABUCUT, OM NAPAMEMPE A, MO 6 NPo-
UBBOALHOM CMAUUOHADHOM COCMOAHUY ¢ IHepeuetl; F

OH OF
<ﬁ> == (4.13)

Pemrerne. BuagaJje dopmaabHo npoanddpepeHImpyeM cTalimoHapHoe ypaB-
uernne [{Ipeauarepa (4.7) mo mapamerpy A, 3aTeM JOMHOXKUM €0 CJIeBa Ha
U* (&) u mpounTerpupyem 1o & ¢ yaerom Hopmuposku V(¢) Ha 1:

ov oF ov
A B

Bocronb3yemcst Teriepb CaMOCOIPSAKEHHOCTHIO TaMUJIBTOHUAHA!:

o |OW\ (2.34) /O v (47) ov « (2.34) ov
<\1/\H‘5> = <({M o) E< =Y E(v m>.

O\

Temeps BTOpBIE cIaraembie B 00enx 4acTsax paeHcTBa (4.14) yHHYITOXKAIOT-
cst ¥ MBI ipuxouM K (4.13). [

H I‘I’> (V| H

+ E(U

v)

IIpumep 4.10. VY wacmuuyst ¢ maccotl m umernmes CmayuoHapHbe CoOCmo-
anua Vi(r) u Wi(r) ¢ onepeuamu E; u Ey coomsemcmeenno. Jokazamo
coommouenue:

(Ui|p|Vs) =imwe; (Tl |¥;), (4.15)
ede wy; = (Ef — E;)/h.
Pemrernne. I3 ycioBus 3asiavu cjieayer, 9ToO

HU;(r) = BEU;(r);  HYp(r) = E;Us(r), (4.16)

rae H — raMuyIbTOHHAH YaCTHUIIBI.
U3 nokazannoro panee Toxkaectsa (2.21) moaytuaeM COOTHOIIEHNUE:

(0| [ ) = 0 (] p ).

[Ipeobpasyem ero JaeByio CTOPOHY Ha OCHOBAHUU CTAIMOHAPHBIX yPaBHEHUI
[MIpenunrepa (4.16) 1 caMOCONPSIZKEHHOCTH TaMIJIBTOHUAHA:

(4.16)

(Uy|rH|T;) E;i (glr[W;);

(2.34) (4.16)

(Uy| Hr|W;) = (Vg H|rT;) (r0| H|T)" Ep (Uylr[¥y).

Mpr mpuxoanM K BaxkHOMY cooTHorennto (4.15). OHo ucnosp3yercs: B aHa-
JIUTUIECKUX MTPeo0pa30BaHUAX, 8 TaKKe IPHU IPOBEPKe TOYHOCTHU ITPUOIU-
JKeHHBIX perenunii ypasaenus [llpemunrepa. [
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Sagadm OJisi CAMOCTOSTEJILHOTO pPelleHns

39. Ilnockwmii poraTop ¢ MOMEHTOM wWHepluud J B MOMEHT BpeMeHU t =
= 0 mpuBeJieH B cocTostHIE ¢ BOTHOBOI (dyHuKIwmeit (3.19). Haiitu BosHOBYIO

GYHKIIMIO B IIOCJELYyIONe MOMEeHThI ¢ > (.
(0 W(p,1) 1 . iht . 5 2iht )
meem: = — cospexp| —— cos2pexp| — :
s Jin pexp 57 pexp 7

40. MoryT /in COCTOSAHUS C HUXKETPUBEIEHHBIMU BOJTHOBBIMHU (DYHKITUSIMU
OBITH CTAITMOHAPHBIME !

V(g 1) = @E) e T W) = 2§ e — @7 (€) €
U(p,t) = g <1 — €08 2¢p eZiﬁt/a>; U(E, 1) = By (&) eIt + By(€) e 2t
(e, t) = B, 1) e PR W(gt) = D(E, )

Bce xoncranThbl IIpeaioJaraTb BEIMEeCTBEHHBIMM.

41*. IlokazaTh, 9TO B BOJJTHOBOM TakeTe u3 IIpuMepa 4.8 ypaBHeHUe Helpe-
PBIBHOCTHU BBITIOJIHSIETCS B JIFOOOH MOMEHT BPEMEHM.

42. [lokazaThb, 9TO 6 CMAUUOHAPHHLL COCMOAHUAL GUHUMHO20 0BUHCEHUSA,
cpedree 3HAYEHUE UMNYADCA PABHO HYAIO.

43*. O6006muTh 3329y npumepa 4.10 Ha HecTAITMOHAPHBIN CJIyYail.
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I'nmasa 5.

I/IHTeI‘paJ[bI ABN2KEHU:A B KBAHTOBOI MeXaHUKe

5.1. JInddepennupoBanne omnepaTopoB II0 BpeMeHH

YacTHas mpousBoHas ornepaTopa GpU3NIeCcKoi BeJTUInHbl F' 110 BpeMe-
OF

HU —— TOJyYaeTcs OObIYHBIM JuddepeHIInpOBaHNEM SBHOM aHaJATHIe-

ot

CKOIf (hOPMBI OoIepaTopa.

dF

[Tosmras mpon3BoaHAS IO BpEMEHNU T TpedyeT CIeruaJbHOrO OIpe/ie ie-

HUsI: TIOJIHO# IIPOU3BOIHOM OyieM Ha3bIBaTh TAKOW onepamop, st KOTOPOro
IIPU YCPEJTHEHUU B NPOU3B0ALHOM COCTOSTHUM BBITIOJTHAETCS COOTHOIIEHUE:

dF\ qef d P

Fri a( ). (5.1)

B kxBaHTOBO#1 cucTemMe ¢ raMuIbTOHHAHOM H 1I0JIHAsT IPOU3BOIHA OIle-
paropa PuU3NIECKON BeJIUINHBI F' CBsI3aHa C YaCTHOW IIPOM3BOIHON Ypaec-
Henuem deustcenus 6 gopme Ietizenbepaa:

df 9F 1 .. -

Takum obpazom, oJTHAST TPOU3BOHAS OIIEpATOPa 110 BPEMEHH CYIIEeCTBEH-
HO 3aBUCHAT OT THIIa B3aUMOJieficTBHUs B cucteMe. OHna Moxcem oKa3amves
HEHYAEB0T DAIHCE 68 OM CAYUAE, K020a ONEPATNOP HE 3ABUCUM 0 BPEMEHU
AGHO, M. €. NPU HYAeB0T YacmHOT NPoU36ooHOU.

Ypasuenue (5.2) HhopMaIbHO MOJIyIAETCs U3 U3BECTHOTO KJIACCHIECKOTO

COOTHOIIIEHUS 3aMEHON (PUBMUIECKUX BEJUUMH MX OIllepaTOpaMH, a TaKxKe

1
ckobok Ilyaccona kommyraropom — [...,...].

ih

Ha ocuoBanmm (5.2) MOXKHO TOKa3aTh, YTO JJIs IIOJIHOW IIPOU3BOTHOI
OIIepaTOpa 10 BPEMEHM CIIPABEJIUBBI T€ YK€ CBONCTBA, UYTO U I IPOU3-
BOJIHOM (DYHKIH, €CAU YUUMbEamsd cmpo2uli nopadok cAeio6aHUA COMHO-
aorcumenet.

PaccmoTpum npuMepsl UCIIOJIB30BaHusi cooTHOIIeHus (5.2).
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IIpumep 5.1. Yacmuua c maccott m 08ustcemca 60 GHEUHEM CUAOBOM
noae ¢ nomenyuarvhoti snepeuets V(r). Hoayuums asHviid eud onepamopos
CROPOCTU U YCKOPEHUA YACTNUUDL.

Permrerne. OmniepaTopbl KOOPAWHATHI U MMITYJIbCA HE 3aBUCIT OT BPEMEHH
ABHO, TI0O3TOMY

or op
_— 0 _— O' 5-3
ot ot (5:3)
B coorsercrsuum ¢ (5.2), (5.3) umeem:
. dr 1 ~o(2.21) D
_ — = — = _— .4
= w s mmH = (5:4)
. 1 dp 1 . -~ (22) 1
YA T i p. H] mVV(T) (5:5)
Cootrnormennst (5.4), (5.5) UMEOT KJIaCCHIECKUE aHAJOTH. O

IIpumep 5.2. /lokazams K8aAHMOBYI0 MEOPEMY O SUPUAAE: ECAU TLOMEH-
yuasvhas snepeus umeem eud amor V(r) = Vor™N, mo 6 npoussosvrom
CMAUUOHAPHOM COCMOAHUU OAA CPEOHUX ZHAYEHULT KuMemuweckol U mno-
MEHUUANDHOT IHEP2UU BBINOAHAECNCA COOMHOWEHUE:

2(T) = N(V). (5.6)

Perrenne. Beiem Bciomoraresbuyto Benndauny F = rp (Bupnas). OgeBu-
HO, 9YTO B IIPOU3BOJIBHOM CTAIIMOHAPHOM COCTOSHUU

d
T (rp) = 0. (5.7)
C nmpyroit CTOPOHBI,
d 51 /d (5.7)
G n 2 (5 em) o 5.9

B cooTBeTcTBUEM CO CBOMCTBaMU MOJHOM MPOM3BOHON OIlepaTopa MO Bpe-
MEHU U pe3yJibTaTaMU 3a/1a4i U3 HPeJIbLIYIIero npuMepa

d , . dr . dp p

S gy =L = =" _yVV(r) =2 — NVorN =27 — NV.

g (rp)= g ptr o =" —rVV(r) or :
[JIe M — Macca YaCTHILBL.

Ha ocnoBanmnu (5.8) u3 mocsenmero paBencrsa mnosaydaercs (5.6). O
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5.2. HWurerpajbl ABU>KEHUHA

Hrmeepanom deusicerua (uau corpanaouetica eausunotl) Ha3vieaems-
cA PU3UNECKAA BEAUNUNA, CPEIHEE BHAUEHUE KOMOPOT 6 NPOU3BONLHOM CO-
CMOAHUL He 3a6UCUM OM, BPEMENL.

B coorBercrBum ¢ onpenenenuem (5.1) xpumepuem coxpanernun Pusu-
YECKOU BEAUNUNDL ABAACTNCA PABEHCNEO HYAIO NOAHOT NPOU3BOOHOT ee one-
pPamopa no 8pemer.

B wactHOCTH, eciin busmuecKas BeJIMINHA HE 3aBUCUT sIBHO OT BDEMEHN,
KPHUTEPUEM ee COXPAHEHUsT OYIAeT KOMMYMAUUSA ee ONepamopa ¢ 2amuibmo-
nuarom Ppusuveckot cucmemu [em. (5.2)].

Takum 06pazoM, HAJUYKME UHTEIPAJIOB JBUKEHUS MOJHOCTHIO OIIpPe/ie-
JSeTCsT TUITOM (DU3UIECKOTO B3aMMO/IeIiCTBHsI B KBAHTOBOI CHCTEME, a TOY-
Hee — ero IIpOCTPaHCTBEHHO-BpeMEHHOII cCuMMeTpHUeii.

PaccMoTpuM THNUYHBIE TPUMEPHI HHTEIPAJIOB JIBUYKEHUSI.

IIpumep 5.3. Iloxazamsb, wmo ecau 2aMUALMOHUAH HE 3ABUCUM ABHO OM,
BPEMEHU, MO NOAHAA IHEP2UA bYydem uHMezparom 0UHCEHU.

Pemmrenne. B nannoit cuTyanuym raMUJIBTOHUAH OyJeT OIepaTOpPOM ITOJTHOMA
sueprun. [losTomy mocste 3amensr B (5.2) F — H ol IIPUXOJIAM K PABEHCTBY
HYJIIO IIOJIHO IIPOMU3BO/IHON raMWJIbTOHUAHA, T.K. B OTCYTCTBUE €r0 ABHON
3aBUCUMOCTH OT BPEMEHH ero JacTHasl IIPOU3BOJIHAA oOpalnaeTcs: B HyJIb.[]

IIpumep 5.4. [loxazamv, wmo 6 omcymcmeue CuA08bLL NOAET UMNYALC
COTPAHAECTNCA.

Pemrerne. B aBHBI BU onepaTopa UMIyjdbca p = —iAV BpeMs He BXO-
JIUT, IO3TOMY €ro YacTHas IPOU3BOIHAS IO BPEMEHHN 00paIlaeTcsa B HyJIb 1
OCTaeTCsd HAWTH yCJIOBHE OOpAIlleHUsI B HYJIb €10 KOMMYTATOPa ¢ TaMUIbTO-

HHaHOM:

92,9+, p] 2 ifigrad V.
——

0

H,p|=—
[ ?p] 2m

,HaHHOG PaBEHCTBO o6pan1aeTCﬂ B HYJIb TOJIBKO B OTCYTCTBUE€ BHECITHUX CH-

JIOBBIX IIOJIEH. U]

Kaxk cnencrsue, corparaemca npoexuus umMnysbea Ha mo Hanpasierue,
6004 KOMOPO20 He JelicmEYOm HUKAGKUE CUADL.

IIpumep 5.5. I[loxazamv, Mo 6 aKCUAADHO-CUMMEMPUIHBLL CUAOBHLT NO-
AAT NPOEKUUA OPOUMANDLHO20 MOMEHNG HA OCH CUMMEMPUL ABAACTCA UH-
Me2Panom J6UNHCEHUA.

Pemrerne. 3amady yaoOHO pemiaTh B UUAUHOPUMECKUL KOOPOUHAMAX
(p, p, 2), KOTJa MOTEHNMAIbHAS (DYHKIINST HE 3aBUCUT OT ITOJISIPHOTO yTJIa
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[V(r) = V(p, z)]. Pekomenyem caMoCTOATENBHO IOy IUTh TAMUTBTOHUAH
YACTUIBI MACCOI M B AKCUATBHO-CUMMETPUYIHOM TI0JIE:

. 2 1 0 0 1 02 0?

H=—o— - {p — a5 ta5| 1tV : 5.9
2m | p Op po +p2 8@24_82:2 +V(p, 2) (5.9)

B munuaapuyecKux KoopAawHaTaX, IIOJ00HO cdepudeckuM, L, ompejie-
nstercsi cootHomerreM (2.31) (moKasaTh caMOCTOSITETFHO) U HE CONEPIKUT
SIBHOIT 3aBUCUMOCTH OT BPEMEHHU, TI09TOMY JIOCTATOYHO JIOKA3aTh KOMMYTa~
o (2.31) u (5.9). OrcyrcrBue 3aBucumoctu V (p, 2) OT HOJSPHOTO yTiia B
[UJIMHIPUYECKUX KOOPJMHATAX OYEBUIHBIM 00pa30M MPUBOIUT K obpailie-
HIIO B HyJIb KoMMyTaTopa [H, L,] ¢ ramunsronunanom (5.9). O

IIpumep 5.6. [loxaszamo, ¥mo 6 chepusecku-cCuUMMEMPUUHBLE (UEHMPAND-
HBIT) CUAOBBLT MOAAT KEaIPam OpOUMANLHOZ0 MOMEHMG ABAAETNCA UHIME-
2PANOM OBUHCEHUA.

Perrenne. 3anady ymobHO permath B cfepuueckur koopournamax (r, 0, o),
KOIJIa TIOTEHIMAIbHAs (DYHKIS He 3aBUCHT OT ToJstpHOro yria [V (r) =
= V/(r)|. Pekomenmyem caMoCTOSITETBHO MOy IUTh TAMUJIBTOHUAH TACTHUITHI
Maccoit m B IEeHTPAJbHOM TOJI€e:

L2

. A2 |1 0 0 L
gL 9.0 L _ 1
2m | r2 Or ’ or + r2 +V(r) (5.10)

~”

V2

Bun oneparopa L? B cdepruecKux KOOPIUHATAX IACTCS BbIPAZKEHHEM
(2.32) u He COEPKUT STBHOI 3aBUCUMOCTH OT BPEMEHM, ITOITOMY JIOCTATOY-
HO J1oKa3aTh KomMyTaruio (2.32) u (5.10). OrcyrcrBue 3aBucumoctu V (1)
oT chepuvIecKnX yIrioB B chepUIeCKNX KOOPANHATAX OUEBUIHBIM 00pa30M

A~ A2
IPUBOJIUT K OOpAIeHNnIo B HYJIb KoMMyTaropa [H, L | ¢ raMIIbTOHHAHOM

(5.10). O

Kak BuanMm, ycioBuga coxpaHeHUS PACCMOTPEHHBIX BEJIMYUH TaKWe Ke,
KaK U B KJJACCUYECKOII MeXaHUKe.

HNccnenyem Teneph ycaoBUS COXpaHEHUS TUIMUIHO KBAHTOBOI BeJINYH-
HBI — Y4E€MHOCTNU.

IIpumep 5.7. Iloxazamv, wmo ecau NOMEHUUANOHAA IHEP2UA ABAAETNCA
wemmotl Pyrkyuet KoopouHam, mo YemHocms 6ydem uHmezpasom 06uxtce-
HUA.
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Perrenne. 3anmimeM raMUJIbTOHUAH YACTUIBI Macchl m B moje V(r) =
= V(—7r) puas ynobeTBa B CIIEAYIONEM BUIE:

A h? 0?2

B coorBercTBHu ¢ Tabsmuneit 2.1 YeTHOCTh M300pazkaeTcsi OllepaTopPOM
WHBEPCUN, KOTOPBIIT He COJEPXKUT sIBHOIM 3aBUCUMOCTH OT BpeMeHu. 11oaTo-
MY JIOCTATOYHO JIOKA3aTh €r0 KOMMYTAIUIO ¢ ramuibronuanom (5.11), npu-
HEMas BO BHEMaHKe derHOCTh V (7). loneiicrByem xKommyTaropom [H (1), 1]
Ha npoussosvryto Gyarmmo V(r):

(H(r),[|V(r) = Hr)IU(r)—TH(r)¥(r) = Hr)U(—r)—H(—r)¥(—r) =
_ h? 0*U(—r) h? 0*W(—r)
T 2m or? 2m  O(—r)?

=[V(r) = V(=7)]¥(-r).

+V(r)¥(—r)+ —V(—r)¥(-r) =

[Tpu ycaosun V(r) = V(—r) nanHoe BeIpakeHue mootcdecmeento obpara-
eTcsi B HyJIb, 9TO ¥ JOKa3biBaeT KoMmMyTaruio H (r) u 1. O]

Bepubt u obpaTHble yTBEPXKIECHUS.

CocTosiHUsT KBAHTOBOI CHCTEMBI 11€J1eCO00PA3HO BBIOUPATH TaK, ITOOBI
OHO XapaKTepPU30BaJIOCh MAKCUMAJIBHBIM YUCIIOM HE3AEUCUMBLL COBMECTIVHO
UBMEPUMDLT WHTEIPAJIOB JIBUKEHUsI (X NOAHBM Habopom). Tucyo smemen-
TOB B IIOJTHOM HA0OPE PaBHO YHUCJIY CTEIeHell CBOOO/IbI KBAHTOBOIN CHCTEMHBI.

3agadm OJisi CAMOCTOSITEJILHOTO PelleHns

44. Tloka3arb, YTO JIJIsi YaCTUIIBI, IBUKYIIEHCS B IIOCTOSTHHOM OJTHOPOJITHOM
nosie JietictBus cuibl f, Besmunna F' = p — ft Oyner mHTerpaom JBuzKe-
HUS.

45. /IokazaTh cJeyionme CBOMCTBA MTOJTHON ITPON3BOIHOIA:

d ~ . dF d@
—(F — .
dt( +G) T
d .. dF . .
—(FG)= — G+ F—.

46. YkazaTrh Hu3nIecKne BeJNIHHBI (IX HOJIHbIE HAOOPHI ), COXPAHSIONTHECST
PN IBUKEHNN OCCCIIMHOBBIX 3aPAXKEHHBIX JACTHUIL B CJIELYIONINX IOJIAX:
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1) mpu cBOGOTHOM JIBUZKEHM;

2) B moJjie GECKOHEYHOTO OJIHOPOJIHOTO IMJIMHJIPa ¢ 0Chio Oz;

3) B moJie 6eCKOHETHO# OHOPOIHOI TTocKocTH (2OY);

4) B 10JI€ OHOPOHOTO TIAPA;

5) B moJjie GeCKOHETHON 0THOPOIHOI TTosryTTockocTr (x0z), z > 0;

6) B 1MoJie JABYX TOYEUHBIX 3aPsiJIOB;

7) B OJIHOPOJIHOM TIEPEMEHHOM II0JIE;

8) B 1MoJIe PABHOMEPHO 3aPsI?’KEHHOTO OECKOHETHOTO MPSIMOTO MTPOBOJIA C

HepPEMEHHBIM 3aPAI0M;
9) B 1MOJIe OJHOPOIHOIO TPEXOCHOTO JLIUICOUJIA;
10)* B I10JIe OECKOHETHON OJHOPOIHON MUINHIPUIECKON BUHTOBOMI JIM-
uuu ¢ marom a (Omeem: E, L, + ap./(27h)).

47. Benuuunbl fi u fo gBasiorcss MHTErpaJaMu ABuzkeHus. [lokasaTh, 4To
BEJIMIMHBI, COOTBETCTBYIOMUeE oeparopaM { f1, fo} u i[f1, f2], OyayT Toxke
HHTErpajaMu JIBUKEHUS.

48. B yciaoBusax npuMepa 5.2 4acTUNA HAXOJIUTCA B CTAITMOHAPHOM COCTOSI-
HUU C dHeprueil FJ. BeraucymTh cpeqnne 3HaYeHNS KHHETUYIECKON 1 TTOTEH-
UAJIbHON SHEPTUN YACTUIIHI.

NE 2F
(Omeem: (T') = N2 (U) = N—|—2')
49*. DuekTpoH ¢ Maccoit m. u 3apsgoMm —e (e > (0) JABMKeTCS B TOJe
HETIO/IBI2KHOTO IIPUTATUBAIOIIEr0 KYJIOHOBCKOTO IIEHTPa ¢ 3apsaaoMm Ze > (.
B kaccuaeckoM cirydae OHUM U3 WHTErPAJIOB JIBUKEHUS ObLT ObI BEKTOD
Pynre — Jlenna:
r [vx L]

A=—
r Ze?

ITocTpouTh omepaTop, coorBeTcTBYIomuii BeKTOopy Pynre — Jlenma. Iloka-
3aTh, YTO 3TA BEJIUYNHA COXPAHSIETCA U B MUKPOMHUpPE. BHIYUCINTD KOMMY-

TaTOPLI [I:z, flk], [1211, flk]
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MaTteMmaTundeckKkoe NpuJaoKeHue

A. MHuaTrerpaJj BeposaATHOCTU

Breraucaum BHavasie unmeepan Ilyaccona
+oo .
P = / e ¥ dw.
— 0

Bossenem ero B kBajipaT u mpeodpalyeM K JTBOWHOMY WHTETPAJIY:

oo 2 2 oo 2 oo 2
P? = [/ e " d:l:] :/ o dx/ e ¥ dy =
) : : Foo 2 2
:/ /e_m Y dxdy.

Eciu ocsieiauit nHTErpaJst pacCMaTpUBaTh B J€KAPTOBBIX KOOP/IMHATAX, TO
3aMEHOl TTepeMeHHbIX & = 1 coS , Yy = rsin ¢, drdy = rdr dy ero MoxHO
MIPUBECTU K TOJIAPHBIM KOO IMHATAM:

2m 0o 0o
P2:/ dgo/ e_r2rdr:7r/ e tdt = .
0 0 0
27

N———
1

Takum obpaszom,

pP= /+Oo e~ dx = /7. (A1)

— o0

U3z (A.1) caenyer, a0
+oo 5 T
Pla) = / e—ordqy = T (A.2)
oo a

n-xkpatHoe guddepennupoanne (A.2) Mo mapamMeTpy « IPUBOJUT K CJie-
AYIOIIEMY Pe3yJIbTaTy:

+oo o 2 O n
/ e do = (—%> P(a)

— 0o

(2n — 1)!!

_ TR m (A3)

27’L

a=1
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YA @
A — B
1 Re ¢ Y
D 0 < C >x
Pwuc. 5.1.
@ y B
D 0 C X
A
Puc. 5.2.

[TpuBemem 37ech raBHbIe cBoiicTBa MHTerpasia [lyaccona (A.1).
1. IIpu napasiesbHoM CMEWEHUU NYMU UHMELPUPOSAHUS 6 KOMNAEKC-
HYM0 NAOCKOCTNG €20 3HAYEHUE HE USMENACTICA:

+oo-+ic )
/ e~ dz = /7, (A.4)

—oo—+ic

rjie ¢ = const.

st nokazarenserBa (A.4) cieayer BHIOpATh KOHTYD WHTETPUPOBAHIS
dyHKIUM €% B coOTBeTCTBUU C puc. H.1 u ycrpemuts orpesku DA u BC
K OECKOHEYHOCTMU.

2. Ilpu npouseosvbHoOM nosopome nymu UHMELPUPOBAHUA 6 KOMNAEKC-
HOTL NAOCKOCTNU €20 3HAYEHUE HE USMEHAECTCA:

z

Fo0 ix12
/ e [N dy = /7, (A.5)

— o0

rae a = const, —F < a < 7.

st mokazaresbeTBa (A.5H) MOKHO BHOBb BOCIIOJIB30BATHCSI KOHTYPOM
MHTErpUPOBaHUSA U3 puc. 5.1, HO 0Tpe30K AB I0/KeH Telepb MPOXOINTh
Yepe3 HAYAJI0 KOOPJMHAT IO/ YIJIOM (v K BeIeCTBeHHOI ocu (puc. 5.2).
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Wnrerpas [lyaccona (A.1) siBiasieTcs 9acTHBIM CJIyIaeM TaK HA3BIBAEMOIL
PYHKUUY 0UWUOOK:

2 v 2
erfx = —/ e~ dz. (A.6)
VT Jo

Ee snadenus TtabynuposBanbl. Jlerko nmokasarsb, aro erf co = 1. Takxke nc-
OJIb3yeTcs (PYHKITUS

2 e
erfcx = ﬁ/x e “dz=1—erfux. (A.7)

b. Tamma-dyHKIOUNST 1 cBI3aHHBIE C Hell MHTEerpaJbl

lNamMma-dyHKIUS 9acTO OIPeesIsIeTcss THTErPAJIOM, 3aBUCAIIIM OT Ia-
pameTpa:

I'(z) = /OOO t*~letdt. (B.8)

Ona tabynupoBaHa u 00JIa1aeT CJIeIYIONMMIA OCHOBHBIMU CBOWCTBAMU:
BO-TIEPBBIX,

[(z+1) =2I(z); (B.9)

BO-BTODBIX, [IPH TEJIbIX OTPUIIATE]bHBIX Z U B HyJIE OHA UMEeT IIPOCThIE
TIOJTIOCH;

B-TPETHUX, HENOCpeIcTBeHHOe Bhruncienue ['(1) = 1 Bmecte ¢ ucmosb-
soBanueM dopmysst (B.9) maer:

T'(n) = (n — 1)! (B.10)

HekoTopbie BaxkHbIe HHTErPpAJIBI MOXKHO cBecTH K ['-pynkrnuu. Tak, Ha-
npumep, Jiyig nuarerpaja Ilyaccona mveem:

400
2 1
/ e “dz=2T <—>
oo 2
,prI‘Of/'I UHTErpaJj, BaKHbI1 B TEOPUU aTOMa BOJOPOJa, II0JIyYaeTCd U3

(B.10):

/ t"e"tdt = n! (B.11)
0

HHannass dopmysia Tak»kKe MOXKET ObITh IIOJIyYeHa IIOCJIeIOBATEJIbHBIM 1-
KPaTHBIM UHTEIPUPOBAHUEM IO YACTSIM.
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B. CumboJg JleBu — YuBura

Cumsou Jlesn — Yusnura €, KaxKIplit NHIEKC KOTOPOI'O MOXKET IIpode-
rarb 3HadeHud 1, 2, 3, WM COOTBETCTBEHHO I, 1, 2, ONPEJIEIAETCS CJIeTYIO-
UM 00pa30M:

1) €123 = 1;

2) CUMBOJI M3MEHsIET 3HAK IIPU TIEPECTAHOBKE JIBYX JIIOOBIX WHJIEKCOB;
KaK CJIEJICTBUE, NPU HAAUYUY 00UHAKOBHLT UHIEKCO8 cumeon Jlesu — Hueu-
ma o6paw,aemcs 6 HYAb.

MoxkHO copMyIUpPOBaTh CJEyIONee TPABUIO BBIYUCIEHUS CAMBOJIA
Cc TpeMd pa3JUIHbIMUA WHAeKcaMu: cuMBoJI JleBu — HYuBura paBen 1, ecim
OH IPUBOJUTCH K £123 UUKAUYECKOUT TIEPECTAHOBKON MHJEKCOB, U —1, ecjin
HEUUKAUYECKOT, TIEPECTAHOBKOM.

AnajiornaHo HOPMYJIHPYETCsT TEPECTAHOBOTHOE CBOMCTBO: NPU UUKAU-
weckoli nepecmanoske uHlekcos 3navwerue cumeona Jlesu — Qusuma ne us-
MEHAEMCA, NPU HEUUKAUYECKOT NEPECTMAHOBKE CUMBON MEHAET 3HAK.

JlaHHbIll cUMBOJI yI00€H I 3allUCh JEKAPTOBBIX KOMIIOHEHT BEKTOP-
HBIX IIPOU3BEICHUIL:

[A X Bl =) epimA1Bum; (B.12)
lm
0A,,
(I'Ot A)k = %;Eklma—xl. (B13)

B zanucu (B.13) nonaraercs x1 = x, xo = y, x3 = 2.
BaxxHeiinee cBOHCTBO CHMBOJIA €;,;, BBIPAXKAETCA TOXKIECTBOM:

5kp 5110 5mp
EklmEpgr = 5kq 5lq 5mq . (B14)
51{:1“ 5lr 5mr

CopaumBas (B.14) mo mapamM cOOTBETCTBYIOIIIX WHIEKCOB, MOy IaEM:

Z é‘klmé?pqm = 5kp5lq — 5kzq5lp§ (B.15)
nglmgplm = 25]<:p;

lm
E EkimEkim = 0.

k,l,m

Toxmectso (B.15) mcnonb3oBaHO TpH BBIBO/IE KOMMYTAIIMOHHBIX COOTHO-
IIeHi IIsT orrepaTopa OpOUTAILHOIO MOMEHTA.
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I Heabra-dynkiusa dupaka

Henbra-dyukinua Jupaka onpejensercd Kak gpo «PUIbTPYIOMIETO»
MHTErPaJIbHOTO OIlepaTOPa, KOTOPBIN CONOCTaBJIAET IIPOU3BOJIBHOI pery-
JIApHO# (DYHKINU ee 3HAYEHUE B HYJIE:

oo def
/ 5(x) f(x) dz %< £(0). (T.16)

— 0o

Omupenenenne (I.16) o6obmaercss Ha 3-MEpHBIi CITydaii:

/ 5(r) f(r) dr 2 £(0). (T.17)

B mekapToBbix KoOpamHaTaxX d-(yHKIMS BEKTOPHOI'O apryMeHTa CBSI3aHa, C
1-mepHOIt §-DyHKIMENR TPOCTHIM COOTHOIIEHTEM:

5(r) = 8(2)3(y)d(2). ([.18)

HanomHMM OCHOBHBIE CBOIiCTBA 0-(DYHKIIUN.

1. Yemnocmuv: 6(—z) = 6(z).

2. n-A NPoudeodnas 0-PynKyuY SBIASTETCS sITPOM UHTETPATBLHOTO OITe-
paTopa, JeHCTBYIOIIEro COrIaCHO IPABIILY:

+o0 nf (o
[ i@ = i SL

n
oo dx

x=0
3. Huppepenyupyeman dyrnkuus g(x) 6 apeymernme §-Pynryuu:
o(x — xI;
dlg(a)] = Yy —AL 20

, ) dg ()
? dz

T=T;

rje r; — i-it Hyab dyaknun g(x). B vacraoctu,

daz) = —=. (I.19)

4. Anasumuveckue npedcmasaenus d-pyrnrxyuu. VI3BecTHB MHOTOYMC-
JIEHHBIe aHAJUTUYECKHe IpeacTaBieHus o-pyakmun. Hamomunm Hambozee
pacipocTpaHeHHbIE UHME2PAAbHOE

d(x)

1

2m

+oo
/ elZd dq
— 0
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U TPU NPEJEALHIT TIPEICTABICHUSI:

5(z) = Ti 1 x?
r) = 1l11m ex i
a—0 \/Ta P17 a2]

.1 a

o) = e
o

5(z) = lim —

a—0oo T T

Cootrnommenne (I.20) momyckaer 3-mepHoe 0600IIEHME:

o(r)

(I.18)

1
(2m)°

/eirq d3q.
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